THE BOLTZMANN EQUATION, BESOV SPACES, AND 
OPTIMAL TIME DECAY RATES IN R™ 

VEDRAN SOHINGER AND ROBERT M. STRAIN 

Abstract. We prove that fc-th order derivatives of pcrturbative classical solu- 
tions to the hard and soft potential Boltzmann equation (without the angular 
cut-off assumption) in the whole space, R™ with n > 3, converge in large-time 
to the global Maxwellian with the optimal decay rate of O (t~~ 2 ( fe +£+"2 — 
in the LJ(L^)-norm for any 2 < r < 00. These results hold for any g € 
[0,n/2] as long as initially |l/o || i,-e,oo r2 < 00 • in the hard potential case, 
we prove faster decay results in the sense that if \\P fo\\ g- g,°o L -2 < 00 an d 
||{I — P}/o II D-e+1,00 r 2 < 00 for Q £ ( n /2, (n + 2)/2] then the solution decays 
to zero in L^(L^) with the optimal large time decay rate of O (t ~2 e ^ . 
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1. Introduction and the main result 

The study of optimal large time decay rates in the whole space for perturbative 
solutions to non-linear dissipative partial differential equations with degenerate 
structure has received a substantial amount of attention in recent times, for example 
[5rlIl l [T5 1 [2"5 1 [2^ 1 [2^ 1 [53 l [3^ 1 [5S ] . For equations in which L 2 (M") based norms can be 
propagated by the solution, it is common to make a smallness assumption on the 
L 1 (IR™) norm of the initial data and combine this with L 2 (R") type estimates 
in order to obtain large time decay estimates. However it is often the case that 
propagating bounds on L 1 (R") norms is difficult along the time evolution. This 
can cause severe difficulties in applications because one could improve existing 
theories by showing that an type norm is small or bounded after a finite 
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but large time T > 0, and then applying the aforementioned decay theory. To 
overcome these types of difficulties, it is of great interest to prove decay rates in an 
L 2 (M" ) based space which is larger than L 1 (R"). In this paper we accomplish this 
task for the non-cutoff Boltzmann equation in the homogeneous Bcsov-Lipschitz 
space 3^°° D L P (M.™) where for p g [1,2] we use g = ^ - f. We remark that 
these spaces can be thought of as a physical choice since it is possible to obtain the 
L 1 (M") embedding. In the hard-potential case, we prove faster decay results in the 
more singular spaces B^ 6 ' 00 for g g ^y 2 -]. Wc anticipate that our methods are 
applicable to a much wider class of degenerately dissipative equations. 

For the non-cutoff Boltzmann equation, particularly for the soft potential case, 
there are two competing degenerate effects; so that this equation can be thought of 
as "doubly degenerate" . Firstly, for both the hard and the soft potentials, there is a 
degeneracy in the whole space because the macroscopic part of the solution is not a 
part of the dissipation. Second there is a further degeneracy, for the soft potentials, 
due to the weak velocity decay in the dissipation. As described below, we develop 
new methods to overcome the combination of these difficulties in _B^~ e '°°L 2 . 

We study solutions to the Boltzmann equation, which is given by 

dF 

(1.1) — +v V X F = Q(F,F), F(0,x,v)=F (x,v). 

Here the unknown is F = F(t,x,v) > 0, which for t > physically represents 
the density of particles in phase space. The spatial coordinates are x g R™, and 
velocities are v g M™ with n > 3. The Boltzmann collision operator, Q, is a bilinear 
operator which acts only on the velocity variables, v, instantaneously in (t, x) as 

Q(G,F)(v)= I dv* I da B(v-v„a)[G',F' -G,F]. 

Jp JS"- 1 

We use the standard shorthand F = F(v), G* = G(v,), F' = F(v'), G'„ = G«). 
In this expression, v, and v' , are the velocities of a pair of particles before 
and after collision. They are connected through the formulas 

l/= v + v* + \v-v.\ v , v + v 1 _\v-v^ x 

2 2 2 2 

We will discuss below in more detail the Boltzmann collision kernel, B(v — v*,a). 
We will study the linearization of (|1.1[) around the Maxwellian equilibrium states 



(1.2) F(t,x,v)= ^{v) + ^v)f(t,x,v), 
where without loss of generality the Maxwellian is given by 

H(v) = (2^)-"/ 2 e-l"l 2 / 2 . 
We use the homogeneous mixed Besov space i?|'°°i 2 with norm 

(1.3) Hflll^e.oo^ = f sup (2 M ||A j5 || i 2 (RsxR „ ) ) , gel. 

Here Aj are the standard Littlewood-Paley projections onto frequencies of order 
2 J (in the spatial, x, variable only); they are defined in Section l4~2l We provide a 
discussion of more general Besov spaces in Section 14.21 We suppose once and for 
all that K is an integer satisfying K > 2K*, where K* = f [^ + lj is the smallest 
integer which is strictly greater than ^. The rest of our notation is defined in 
Section [l~2l just below. Our main theorems are stated as follows: 
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Theorem 1.1. Suppose that ex,e from (|1.25j) is sufficiently small with I > £q, 
where £q is given by ([1.30)1 below. Consider the global solution f(t,x,v) to the 
Boltzmann equation from Theorem \1.4\ with initial data fa(x,v). 

Fix g £ (0, n/2] and we consider any k £ {0, 1, . . . , K — 1}. Suppose additionally 
that || /o|| ^-e.oo L 2 < oo. Then uniformly for t > we have 

(1-4) ll/(*)ll| r ,~ i? < (l + r (m+e) , Wme[-g,k}. 

Furthermore 

(i-5) E iifl a /(*)iiij^^(i+*r (fc+e) - 

fc<|a|<if 

Notice we have established the optimal decay rate for p £ [1,2) for all of the 
derivatives of order k £ {0, 1, . . . , K— 1} in the larger space i?^ e '°° with g <E [0, n/2] 
and g = 2 — 2 we only need to assume that initially ||/o|| g-5,« i2 < oo. 

Corollary 1.2. Fix any 2 < r < oo and k £ {0, 1, . . . , K — 1} satisfying the 
inequality k < K — 1 — t^ + ^Q Suppose all the conditions from Theorem \1.1\ hold. 
Then for g £ (0, n/2] with ||/o|lB -e < oc z, 2 < °°> ^ a?;e the following estimate 

E n« a /(*)iii :iS ^(i+*r fc - e - f+ ', 

l«l=fc 

which holds uniformly over t > 0. 

Regarding Corollary II .2[ one can, in principle, use the methods described in the 
proof to obtain decay estimates in the stronger norm L\L X . In order to do this, 
we would have to reverse the order of the norms in the interpolation estimates of 
Section E] (which is possible). We do not currently pursue this issue. 

We can furthermore analyze the full energy functional defined in ([1.23)1 . In the 
hard potential case (|1.8)1 . we have faster decay results. 

Theorem 1.3. Suppose that tK,i from (jl.25[) is sufficiently small with £ > £q, 
where £q is given by ([1.30)1 below. Consider the global solution f{t,x,v) to the 
Boltzmann equation from Theorem \1.4\ with initial data fo(x,v). 

Fix g £ (0, n/2], suppose additionally that \\fo\\g-e,<=° L 2 < oo. Then 

(i-6) £ K , e (t)<(i+tr e , 

which holds uniformly for t > 0. Here £K,l(t) is the full instant energy functional 
given as in ([1.23)1 and ()1.26)) below. Furthermore, in the hard potential case (|1.8)) . 
for g £ (n/2, (n + 2)/2], and P defined in (|1.13[) below, if 

ll P /o|ls-e.~ L 2 + l|{ I - P }/o|lB-e+ I .°° i a < °°> 

then the solution also uniformly satisfies (jl.6[) with this g. 

When we say that these large time decay rates are "optimal" we mean that they 
are the same as those for the linear Boltzmann equation ([5.ip . as seen in Theorem 
15.11 The optimal rates in L r x L 2 v , from Corollary 11.21 also hold for (j5.1[) . These 
rates for 0-th order derivatives also coincide with classical time-decay results for 
the Boltzmann equation |33)I34) with angular cut-off studied using spectral analysis. 

■'"We remark that the proof of Corollary 1 1 . 21 easily shows that if 2 < r < oo then we can allow 
k < K — 1— + — , and we only need to restrict to k < K — 1 — ^ when r = oo. 
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These are also consistent with the classical optimal large time decay rates for 
the Heat equation; see for instance }21| . In particular it is well known that if go(x) 
is a tempered distribution vanishing at infinity and satisfying ||ffo|ls~ e ' 00 (R«) < 00 j 
then one further has 



.9o I 



D («S) 



t e/2 || e tA 



90 



, for any g > 0. 

Lf ((0,oo)) 



See for instance [2 1 1 Theorem 5.4] where further references and more general results 
can be found. Notice that the faster decay rates of higher derivatives for solutions 
to the Heat equation can be easily obtained in the same way. 

Notice that for the Heat equation, and for the linear Boltzmann equation (|5.1I) in 
Theorem 15. 11 these decay results using initial conditions in the negative regularity 
Besov spaces (of order u —g") hold for any g > 0. For the non- linear problem the 
restriction of < g < (n + 2)/2 is also encountered in the large time optimal decay 
rates for the incompressible Navier-Stokes system; see |21j . For incompressible 
Navier-Stokes, it appears that we may not hope to go beyond g = (n + 2)/2 without 
choosing special initial data [21] . Thus the range < g < (n + 2)/2 seems to us to 
represent a satisfying theory of decay rates in these spaces. 

We are furthermore concerned in this paper primarily with obtaining the optimal 
large time convergence rates. In that light we are not as concerned with optimizing 
the assumptions that we use on the regularity (K > 2K *) or the number of weights 
placed on the initial data (£ > £ with £ from (|1.30[) below). 

We obtain decay for all derivatives of order k € {0, 1, . . . , K — 1}, where K is the 
Sobolcv regularity of the initial data in ek.i from (|1.25|) and the existence theory 
in Theorcm ll.4l Our obstruction to obtaining the higher order decay of the highest 
order derivative K comes from the estimates of the functionals I k (t) in Lemma 
12.21 which fatally contain error terms including derivatives of order k + 1 when 
controlling derivative energy estimates of order k. 

In the rest of this section, we will finish introducing the full model in- 
cluding the collision kernel, and then we discuss its geometric fractionally diffusive 
behavior. The Boltzmann collision kernel, B(v — w*,cr), will physically depend 
upon the relative velocity \v — v* \ and on the deviation angle 9 through the formula 
cos 6 = (v — u*) • a j\v ~ | where, without restriction, we can suppose by symmetry 
that B(v — v*, er) is supported on cos 6 > 0. 

The Collision Kernel. Our assumptions are the following: 

• We suppose that B(v — u„, a) takes product form in its arguments as 

B(v - u*,er) = - v*\) b(cos6). 

It generally holds that both b and $ are non-negative functions. 

• The angular function 1 1-> b(t) is not locally integrable; for Cb > it satisfies 



(!- 7 ) ^< sin ""^( C0 ^)<^TT57' ^(0,1), yee{0,- 

• The kinetic factor z i-> <I>( 1 2; | ) satisfies for some C$ > 

(1.8) <P{\v - v,\) = C^\v - v,p , 7>-2s. 

In the rest of this paper these will be called "hard potentials." 

• Our results will also apply to the more singular situation 

Ti 

(1.9) ^dw-^D^C*^-^! 7 , -2s>j>~n, 7 + 2s>--. 
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These will be called "soft potentials" throughout this paper. 

These collision kernels arc physically motivated since they can be derived from a 
spherical intermolecular repulsive potential such as <j)(r) — r~( p-1 ' with p G (2,oo) 
as shown by Maxwell in 1866. In the physical dimension (n = 3), B satisfies the 
conditions above with 7 = (p — 5)/(p — 1) and s = l/(p— 1); see [35] , 

We linearize the Boltzmann equation around (|1.2p . This grants an equation 
for the perturbation, f(t,x,v), that is given by 

(1.10) d t f + vW x f + L(f) = T(f,f), f(0,x,v) = f (x,v), 
where the linearized Boltzmann operator, L, is defined as 

L(g) = - m - 1/2 Q(m,^.9) -m^ 1/2 Q(Vm5^), 

and the bilinear operator, T, is then 

(1.11) r( ff ,^=V 1/2 2(Vw,vW 

The (n + 2)-dimensional null space of L is well known [12] : 

(1.12) N(L) = f span {7^1, v ly /jl, Un-y^u, (|u| 2 - n)^/Jl} . 

Now, for fixed (t,x), we define the orthogonal projection from L 2 V to ^V(L) as 

n 1 

(1.13) P/ = a'fr a;)VM + X] 6 * (*> sMVm + c/ (^ ^)^=(M 2 - n)y/U, 



J2n 



where the functions a? , = [61, • • • , b n ] and are defined by 

a=(VM,/) = (V7i,P/), 

&i = (Viy/ji,f) = (v iy /JI,Pf), 



((\v\ 2 - n)VM, /> = ^=((IH 2 - n)^fl, Pf) 



(1.14) 

Then we can write / = P/ + {I — P}/. It is a well-known fact [T^] that: 

(1.15) pr(/,/) = o. 

We further define [a, 6, c] to be the vector with components a, &, c. And | [a, 6, c] | is 
the standard Euclidean length of these vectors. 

In the works [T3UT5] , Gressman and the second author have introduced into the 
Boltzmann theory the following sharp weighted geometric fractional Sobolev norm: 

(1-16) = l/lk + / dvf dv 1 ({v) {v')) 2 ^ \ f ~ f J* 2s l dM0<1 . 

"'+ 2s Jr" Jr™ d{v,v') n+zs 

Generally, 1^ is the standard indicator function of the set A. Now this space 
includes the weighted L\ space, for IgM, with norm given by 

|/||, d = f / dv (vf l/HI 2 . 



The weight is (v) = yl + \v\ 2 . The fractional differentiation effects are measured 
using the anisotropic metric d(v,v') on the "lifted" paraboloid (in R™ +1 ) as 

d{v, V') = yj\ v - v >\2 + l(\ v \2- | W '|2) 2 . 

This metric encodes the nonlocal anisotropic changes in the power of the weight. 
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In this space, the linearized collision operator L is non-negative in L\ and it is 
coercive in the sense that there is a constant A > such that [T3l Theorem 8.1]: 

(1-17) (.g,Z, 9 ) >A|{I-P} 5 | 2 ^, 7 . 

The norm 7V S ' 7 provides a sharp characterization of the linearized collision oper- 
ator p~3l (2.13)]; in earlier work [22] the sharp gain of velocity weight in L 2 V was 
established for the non- derivative part of (|1.16p . 

1.1. Discussion of the method. There have been numerous investigations on the 
rate of convergence to Maxwellian equilibrium for the nonlinear Boltzmann equation 
or related kinetic equations in the whole space; see for example [2ll6ll7[l9][18 ]l2"4Tl2"7] . 
Many of the early results are well documented in Glassey [12] , Further detailed 
discussions of more recent results can be found in [7] and [25]. We point out that 
this current work was motivated by several recent results [6ll7l l 1 1 [[T3HT51IT81I25H27] . 

To establish our main results in Theorem ll.ll we use the following method. Notice 
that we give two proofs of Thcorcm ll.il The first proof, starting from a differential 
inequality for high order derivatives in (|3.2p . uses a time weighted energy esti- 
mate combined with a new time-regularity comparison via dyadic decomposition 
to achieve the optimal decay rates in spite of the degenerate dissipation. We alter- 
natively give another proof of Theorem 11.11 which uses a double interpolation, the 
first interpolation is in terms of spatial-regularity and the second interpolation is 
in terms of the degenerate velocity components of the solution. In regards to the 
second proof, we recall here the interpolations used in [P8 ] l2"6]. 

To establish the high order differential inequality mentioned above, e.g. (|3.2p . 
we develop several product interpolation estimates. The details of the proofs of 
these estimates are contained in the long Section [4] There is a rather serious added 
complication in the context of the non cut-off Boltzmann equation because all of the 
product estimates are in spaces such as L p x N sa with the exotic non-isotropic iV s ' 7 
as in (|1.16[) . The interesting element of our construction is that we prove a large 
number of Sobolev type inequalities (in the variable x) in the mixed spaces L V X TA. V 
where H v is an arbitrary separable Hilbert space (in the variable v). Then the 
desired product estimates for LP.N sn follow in the special case when H v = N sn . 

Additionally, to prove the faster decay rates in Theorem ll.3l wc generally use the 
time weighted estimates combined with the linear decay theory. Notice that the 
slower decay results in Theorem 11.11 and Corollary 11.21 are proven "Non-Lincarly" 
without the linear decay theory since we can establish a uniform in time upper 
bound on ||/(t)|| 2 for g g (0, f ] as in (|1.4p . In the more singular situation 

2 v 

when g <S IL ^ L \ we are unable to prove these uniform bounds and they may 
be unavailable. Instead we prove the faster linear decay rates in Theorem 15.61 by 
using a detailed frequency decomposition of the linearized operator l|5.9p in a small 
frequency ball around the origin, which is motivated by the work of Ellis and Pinsky 
[IT] . Using this refined linear decay theory, we gain an additional order of t~ 2 decay 
on the non-linear term because it is purely microscopic. We also need to iterate this 
non-linear decay analysis a finite number of times in order to overcome degeneracies 
in the time integral estimates and obtain the optimal decay rates. 

We will explain other difficulties when they are encountered at the appropriate 
places throughout the course of the paper. In the next sub-section we will give 
a detailed description of the remaining notation, as well as stating the relevant 
existence result from Thcorem ll.4l 
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1.2. Notation, and the existence result. For any m > 0, we use H m to denote 
the usual Sobolev spaces 7J m (R™ x R"), i/ m (R"), or ff m (R£), respectively, where 
for example 

H?(K) = {/ G L*(K) ■ l/|flj»(K») = / d« (J - A w )™/ 2 /(«) 2 



< oo 



Then let us denote ff™ = if m . Then sharp comparisons of | ■ to the weighted 
isotropic Sobolev spaces are established by the inequalities: 

( L18 ) ^l 2 -, +2s {K) + l 5 l^(RS) ~ ~ \9\h° +2s (rz)- 

See [H Eq. (2.15)]. 

For Banach spaces X and Y, we write A(R") = X v and F(R£) = F*. Specif- 
ically, we use L%, L% and L v x v to denote L P (R"), L P (R.™) and Z, P (R£ x R") with 
1 < p < oo respectively. There should be no confusion between L 2 ,, L\ and L|, etc, 
since x and v are never used to denote a weight. Given the spaces as above, we 
define the following ordered mixed spaces: 

(1-19) IWkx. = II \h\xp») \\ Y(m ny 

(1-20) = | \\h\\ Y{RnJ \ X{K) , 

Thus for example, as in Corollarv ll.2[ the space L^L^, may be different from L r x L v v . 
Generally a norm with only one line | • \x v denotes that it is only in the "u" variable, 
however a norm with two sets of lines || ■ || is cither in both variables u (x, v) n or only 
in the a x" variable (and there should be no confusion between these cases). We 
remark that this is a slight departure from the notation used in the second authors 
previous papers, e.g. p~3HT5ll25] ; in this paper it is necessary to distinguish between 
the ordering of the evaluation of the norms. 

Recalling the notations surrounding (|1.3j) . and in Section |4~2| we will also use 
the following mixed Bcsov space semi-norm as 

(1.21) Nls..«x.= II ( 2 HI A ^IUprJ A*' P>9G[l,oc], e el, 

where for a sequence, (oj-) we use the standard norm as 

( a j)j We] = \ ] for 1 < g < oo, and || (a J ) j ||*~ d = sup \a 3 \. 

Thus Bp q is the homogeneous Besov space in the variable x. We always use the 
Besov space and the frequency projection Aj only in the spatial variable 
Notice that in the special case of Besov semi-norms, || • Hge.?^ , we do not follow 
the Banach space ordering convention described above. As we will see, this will 
add an additional complication in the interpolation estimates we want to use. 
We use (•, •) to denote the inner product over the Hilbert space L 2 ,, i.e. 




(g,h) = g{v)h(v) dv, g = g{v), h = h(v) G L v . 

Analogously (•, •) denotes the inner product over £ 2 (R™ x R"). 
We also define the weight function as follows 

(1.22) w{v) = (v) . 
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Again our notation for (|1.22j) is different from the notation in the second authors 
previous papers [T3 1 I25] when 7 + 2s < from (|1.9|) . We then consider the weighted 
anisotropic derivative space as in (|1.16[) : 

Note that |/i|jv s ^ = I^Ia^' 7 - Throughout the paper, we will use T-L v to denote a 
separable Hilbert space in the v variable. In particular, one can take H v to be 1^, 
L^ +2 s' an d ^ with the absolute value. Moreover, one can take TL V = Np n . That 
iVj' 7 is separable follows from the equivalence of norms given in p~3l Eq. (7.7)]. 
For multi-indices, we denote 

d^ = d^---d^d^---d^, a = [a 1 ,...,a n ], j3 = [ft, . . .,/?„]. 

The length of a is \a\ = cti + ■ ■ ■ + a n and the length of /? is |/3| = ft + • • • + ft- 

Given a solution, f(t,x,v), to the Boltzmann equation (|1.10[) . we define an in- 
stant energy functional to be a continuous function, £x.i{t), which satisfies 

(1.23) EkM™ E W^- mP ^f{t)\\liLi- 

\a\ + \P\<K 

Above and below: I > 0. We also define the dissipation rate T>K,e{t) as 

(1.24) V KJ (t)= e ii aQ /(*)iiW- + E iiw-p}/wii 

l<\a\<K \a\ + \p\<K 

Here we also use p = 1 under (|1 .8|) and otherwise we use p = —7 — 2s > for the 
soft potentials (|1.9|) . (This p is to correct for our change in the definition of the 
weight (|1.22p from previous papers such as [T31HS].) We do not explicitly use these 
functionals in our proofs herein. Initially we define 

(1.25) e;f,/=fto(0). 

We can now state the following existence result, and Lyapunov inequalities: 

Theorem 1.4. [i"3ll25] . Fix £ > and fo(x,v). There are EkA 1 )^ ^kM) such 
that if ek,£ is sufficiently small, then the Cauchy problem to the Boltzmann equation 
(jl.lOP admits a unique global solution f(t,x,v) satisfying the Lyapunov inequality 

(1.26) i^icA*) + >®kM ^ °. vt ^ °- 
at 

Here A > may depend on i. 



\L' 2 N sn 

■ "-\f>\p 



This Theorem 11.41 is the building block for our decay results stated earlier in 
Theorem 1 1 . 1 1 and Corollary 1 1.2 1 In those statements we used a sufficient number of 
weights, which we now define precisely. We define the quantity £q by: 

q 27) £d ^ J f + rtl - 3 > for n odd 



n + 2[§] — 7, for n even. 



Furthermore, let us define the quantity M by: 
(1.28) M = maxl(J^-l\,£$ 

These choices come from ([438]) . ([3~29]l . (|4~30]) . ([437j) and (|442|) respectively. 
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Here and in several places in the rest of the paper, we will use the notation 



(1.29) j d = f [n/2] - 1, 

which denotes the largest integer that is strictly less than We recall that in 
general m = [a] is the smallest integer satisfying m > a and m! = [a\ is the largest 
integer satisfying m! < a. 

Now we define the following weight: 



(1-30) £o d = f { S 

I. 2 



max {^±2£ _(_ i j 2, 2(7 + 2s)} , hard potentials: (fT5J) . 
t2£lmax{(M + l),(f +X)}, soft potentials: (HI]). 



Above and below we are using M from (|1.28|) . For future reference, we will also 
define the following related weight: 

0, for the hard potentials: (|1.8|) . 



(1 01) pi 4£ f 

- \ _ (7+2£i Mj for the soft potentials: (Oil . 

We note that in the rest of this article, we will implicitly assume sometimes without 
mention that I > £q. We further define 



(1.32) ll = 



(7 + 2s)+ 



2 

Here we recall the general notation (a) + = max{a,0}. 

Throughout this paper we let C denote some positive (generally large) inessential 
constant and A denotes some positive (generally small) inessential constant, where 
both C and A may change values from line to line. Furthermore A < B means 
A < CB, and A > B means B < A. In addition, A m B means A < B and B < A. 

I. 3. Organization of the paper. In Section [2] we will prove several non-linear 
energy estimates for the solutions to the non cut-off Boltzmann equation (jl.lOp 
from Theorem 11.41 which will be used in the proofs of Theorem 11.11 and Corollary 

II. 21 After that in Section [3] we give two proofs of our main Theorem 1 1 . 1| one proof 
uses time-velocity and time-frequency splitting methods simultaneously, and the 
other proof uses interpolation. We also prove Corollary 11.21 and Thcorem ll.3l Then 
in Section [4] in part because of the exotic nature of some of our spaces (|1.16l) , 
we prove a collection of functional interpolation inequalities in separable Hilbert 
spaces. In the first part of Section [5] we prove large time decay rates of the linear 
Boltzmann equation (|5.1|) in Bcsov spaces using dyadic time-frequency splittings 
and a pointwise time- frequency differential inequality from |25j . Finally, in the 
second part of Section [5] we prove faster decay rates for the linearized problem in 
the hard potential case (|1.8[) under the additional assumption that the initial data 
is purely microscopic as in (| 1 . 1 3[) . Our analysis in this part is based on a precise 
understanding of the spectrum of the spatial Fourier transform of the linearized 
operator for frequencies near zero. 

2. Non-linear energy estimates 

In this section, we will prove some non-linear differential and integral inequalities 
for the solutions of the Boltzmann equation (|1.10[) in Theorem 11.41 Our strategy 
will be to use product estimates from [13l[25] , as well as the functional interpolation 
inequalities from Section |4l The vector- valued functions we study, among others, 
take values in the non-isotropic Sobolev spaces in v, which were previously used in 
[13] . In proving these estimates, one encounters the difficulty that the macroscopic 
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part doesn't appear in the coercivity estimate ([1.17)1 . and hence these terms have 
to be taken care of separately. All of these issues are addressed in Sub-section 
12.11 Moreover, we can apply the Littlewood-Paley projection operators defined in 
Section 14.21 to obtain energy estimates for solutions of (jl.!0[) in functional Besov 
spaces. The latter question is studied in sub-Section 12.21 

2.1. Derivative estimates. This sub-section is devoted to proving two energy 
estimates for solutions to the Boltzmann equation (| 1 . 10[) . In Proposition 12.11 we 
prove Lyapunov inequalities for the Sobolev norms of fixed order k £ {0, 1, . . . , K}. 
Then in Lemma [2.2l we prove a differential inequality which includes the macroscopic 
components (| 1 . 14[) of the dissipation (|1.24[) . 

Proposition 2.1. Suppose that ck,i from ([1.25)1 is sufficiently small with £ > £o 
for £q as in (|1.30[) . Let f(t,x,v) be the solution to the Boltzmann equation ([1.10[) 
from Theorem \1.4\ Fix k € {0, 1, . . . , K}; then the following inequality holds 

\j t E \\d a f\\l lLl + \ £ \\{I-V}d«f{t)\\l lN s„ 

|a|=fc \a\=h 

<e K j £ \\d a f\\l lN s^ 

j,<\a\<K 

where f„ = min{/c + 1, K}. 

Proof of Provosition \2. 1[ We take d a derivatives of ([l.lOp . multiply by d a f, inte- 
grate over R" x R™, and use (| 1 . 1 7[) to obtain 

lj t \\ da f\\k, v +M\{I-V}d a f(mkN«n 

< J2 \{r(d a ^f,d a -^f),{i~P}d a f)\. 

The right hand side in the above is obtained by using that P and d a commute, and 
()1.15p . In the rest of this proof we will focus on estimating the non-linear term. 
We write / = P/ + {I — P}/ and we expand the non-linear term as: 

r(/, /) = r(p/, p/) + r({i - p}/, p/) + r(/, {i - p}/). 

We thus expand 

(T(d ai f,d a - ai f),{I-P}d a f) =A 1 + A 2 + A 3 . 

where: 

A x = (T(Pd ai f,Pd a - a \f),d a {I-P}f) , 
(2.1) A 2 = (T({I-P}d ai f,Pd a - ai f) 7 d a {I-P}f) 7 

A 3 = (T(d a \f,{I-P}d a - ai f),{I-P}d a f) . 

We will estimate each of these terms individually. 
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The desired estimate for the term A3 then follows from [13j Eq (6.6)]. In other 
words, using [13j Eq (6.6)] for any small 6 > we have 

(2.2) = I (r(9 Q1 /, {I - P}d Q ~ Q 7), {I - P}d a f) I 

/ dx \d^f\ Li \{i-P}d a - a \f\ N s.,\{i-P}d a f\ 



< 



N">1 



<Cs\\\d a \f\ L 2\{I-P}d a -^f\ N s„\\l 2 +6\\{I-P}d a f\ 



5a f\\2 



For the first term and the second term in (|2.ip . we notice from (|1.13[) that 

n+2 
i=l 

where the ^)i{t, a; ) are the elements from (| 1 . 14|) and the Xi( v ) are the smooth rapidly 
decaying velocity basis vectors in (|1.12j) . Thus from [T31 Proposition 6.1]: 

(2.3) \A 2 \ = I (r({I - P}d ai f, Pd a -^f),d a {I - P}/) I 

<f dx \d^{I-P}f\ L , . 1 \d a -^[a,b,c}\ \{I-P}d a f\ L , 



|a ai {i-P}/U» +a ._ (fl _ I) |s o, - ai [o,6 ) c]| 



£7. 



<5||{I-P}5«/|||^. 



Here |[o, 6, c]| is the Euclidean absolute value norm of the coefficients from (|1.14l) . 
The last case to consider is A±. From (T3I Proposition 6.1] again 

(2.4) 141 = \(T{Pd ai f 1 Pd a - ai f),d a {I-P}f)\ 

< f dx \d^[aAc]\ \d^[a,b,c]\ \d a {I-P}f\ L , +2s (n i) 

<<7,|| \d a -[aAc]\ |d Q ~ Ql M,c]| || 2 L ,+<5||{I-P}a«/!||^ S , T . 
Collecting these estimates in (|2.2p . (|2.3p . (|2.4p . and summing over |a| = fc we obtain 

\j t E ii^/iii^ + A E \\{i-pwf{t)\\\ lN ^<B. 

\a\—k |ct|— fc 

Here B = B 1 + B 2 + B 3 with 

Bi del j2 || \d ai {a,b,c}\ \d a - a na,b,c}\ , 

\a\ = k ui<a 



L'z 



(2.5) B 2 d = f E |||a Ql {I-P}/lLV 2 ( \d a -^[a,b,c]\ 

\a\ — fc a 1 < a 

B 3 = E E |||S ai /U ? |{I-P}9 a - Ql /k..T||' r 

|a| — fc a 1 < a 

Thus wc have reduced the proof of Propositiou 12.11 to proving that 
(2-6) B<e K , e £ ||a°7||i SJV ..,. 

j„<H<A' 

The rest of our proof will be devoted to establishing (|2.6p . We will prove (|2.6p for 
each of the terms in (|2.5p individually. 
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In order to bound B\ and B2, we will use interpolation. Suppose that T-L v is a 
separable Hilbert space of functions in v as in Section 11.21 Furthermore, suppose 
that |a| = k G {0, 1, . . . , K}, ct\ < a. Then, there exist p, q > 2 satisfying | + 1 = | 
such that we have: 

(2-7) \\d a -^f\\ Lm Jd^f\\ LiHv < ||/||^.^ X! ll^'/IUjw.. 

|a'|=min{fc+l,if} 

The inequality (|2.7|) follows from the results of Lemma 14.131 Lemma 14. 141 and 
Lemma 14.151 all of which are proved in Section 2) 

We begin by looking at the term B\ from (|2.5[) . We note that by (|1.14p . by the 
exponential decay in v of y/Jl, and by the Cauchy-Schwarz inequality: 

(2.8) |d Ql [a,M|<| W -^/U ? , 

which holds for all j > 0. 

In particular, we can take j — in the case of hard potentials and j = ~ 7 ~ 2s in 
the case of soft potentials, hence we can deduce from (|2.8|) that 



(2.9) \d^[a,b,c]\<\d^f\ 



■y+2s 



We also note that |P<9 Qi /Il 2 ^ \d ai [a,b,c}\ and so flU]) implies: 



7 + 2 



(2-10) l Paai /l^ +2s <|S ai /| L 2 +2a . 

Let us take T-L v = L^ +2s in (|2.7p . Then, for the p, g which one obtains, since 
- + I = |, we can use Holder's inequality in x to estimate: 

(2.11) || |5«>,MI |9 Q - Ql [a,6,c]| ||* 2 < \\d^f\\ 2 LlL2 \\d a ^f\\l u2 . 

x x 7 + 2s x 7 + 2s 

The fact that B\ is bounded by the right-hand side in (|2.6|) follows directly from 
(j2~TTj) and (|2~7)) with "H„ = £ 7+2s if we use PUS]) and P^25|) . More precisely, we 
observe that, by construction: 

II/WII'k. 2 « E ll^5 Q /Wlli2 L 2 < ^(*) < 

which holds since £ > 7 ~t, 2s in the hard potential case, and since I > in the soft 
potential case by our choice of £, and because of (|1 .26[) and (|1.25[) . 

For the term B2 in (|2.5[) , we argue similarly. We let p, q be as in the bound for 
B\. Using (|2.9[) . the fact that 5 + 5 = 5 an d Holder's inequality in x, we have 



P >^l^ +2s - ( „-J^ Ql [ a ' 6 ' c ]l' 12 



i2 

< l|9 ai /llW +2 H9 Q - ai /lli ?L 2 

X 7 + 2s 3= 7 

Here we used that 7 + 2s — (n — 1) < 7 + 2s and that {I — P} is a bounded linear 

-2 

J 7+2s 



operator on iE + 2s which commutes with d ai . The boundedness property follows 



from the fact that P is bounded on L^ +2s by (|2.10[) . Then, exactly as before, (|2.6[) 
follows from ([2X2]) and §2J§ using also (fl~26]l and ([05]) . 
For the last term B3 in (|2.5|) . also when i + | = i, we have 

(2.13) \\\d^f\ Ll \{i-P}d a -^f\ NS 4 2 L2 < \\d ai f\\l lLl \\d a -^f\\ 2 L , N ^. 
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In this case, for the upper bound in (|2.13j) we note that there exist p, q > 2 such 
that | + | = | for which the following estimate holds: 

(2.14) \\d a - f\\ LUl \\d a -^ f\\ L , Nsrl 



<[\\f\\ H ^ N s r + \\w^f\\ H K Ll ) J2 \\d a 'fhlN^. 

],<\a'\<K 



Again j» = min{fc + 1,K} and £' is from (|1.31[) . Inequality (|2.14[) follows from 
Lemma 14.131 Lemma 14.141 and Lemma 14.161 which are proved in Section 2] 
Using the fact that K > 2K* > K* + 2, ([TTTgj) , and that s £ (0, 1), we obtain 

(2.i5) ii/ii^, 7 < \\f\\ 2 H «-* Nr * ii^/iiW-^ 

~ H^ ^llff K - 2 (»S)^ +2s (H?)- 

Our goal is to show that the above expression is < ex,e- In order to do this, we will 
use our assumption that £ > £o with Iq in (|1.30[) and consider the hard potential 
case (|1.8p and soft potential case (|1.9p separately. 

In the hard potential case (|1.8p . recall that p = 1 in (jl.23l) and £q = in (jl.31|) . 
Using 8-K,i(t) and €r,i from (|1.23p and Q1.25P and Theorem ll.4l we have 

II/IIh--^ £ E lM (7+2s) ^/lli^ < < e K ,i, 

|a|<if-2,|/3|<l 

provided that £— 1 > ^(7 + 2s), which holds since £ > £ using (|1.30p . The desired 
bound on B3 from (|2.6p then follows from (|2.13p . (|2.14p . and this analysis. 
In the soft potential case (|1.9[) . we recall p = —7 — 2s and we note that: 



|ct \<K-2, \P <1 



< E \\™ e - mP d%f\\l lLl <£KAt)<e K M 

|/3|<1,|q|<A'-2 

whenever ^ — p > £' — | , or equivalently that £ > £' Q — ^(7 + 2s), which holds since 
(-0 > ^0 ~ 5(7 + 2s). We thus deduce again that B 3 satisfies the bound in (|2.6p . □ 

We recall that the proof of Proposition 12.11 relied on the use of (| 1 . 1 7|) and hence 
we only obtained the microscopic terms ||{I— P}d a f(t)\\ 2 L 2 NS ,~, on the left-hand side 
of the inequality. In order to control the macroscopic terms, we use an interaction 
functional approach to prove the following bound: 



Lemma 2.2. Under the conditions from Theorem \l.J\ there exists continuous Junc- 
tionals T k (t), for any k £ {0, 1, . . . , K — 1} , such that 

(2.16) -^ + a J2 ll 5 >>MII 2 L ,< £ ||{i-PL9 Q /!| 2 L , L , +2s . 

|a|=fc+l fc<|a|<fc+l 

The functional I k (t) furthermore satisfies for any m > the uniform estimates 
(2-17) |l fe (i)|< ]T \\iv- m d a f{t)\\l lLl . 

k<\a\<k+l 

Additionally, we will give the precise definition ofX k (t) below. 
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This lemma was essentially already proven in [13] . except that some of the 
estimates therein were too crude as written in the statements of the theorems 
and lemmas. This type of estimate is well known, and we refer to for example 
[^[j^[T6HT8 l [23 l [25 l [28 l [29] for previous developments. We will explain carefully the 
main differences between this estimate, and what is done in |13j . 

Proof of Lemma \2.SX We define I k (t) as follows 

i k (t)= {i:(t)+iz(t)+i?(t)}, 

\a\ = k 

where each of the functionals above arc defined as 

l%{t) = f dx (V • d a b) d a a(t, x) + V f dx d Xt d a r bi d a a{t,x), 

JR™ i=1 JR™ 

lb(t) = -Y) I dx d Xj d a nj d a bi, 
l°(t) = -[ dx d a r c (t,x) -V x d a c{t,x). 



Here the ra, rij, r c are all of the form ({I — P}/, e^) where each efc is some fixed 
linear combination of the following basis: 

(2.18) {vM 2 ^) !<<<„> Kv^Ikk^ ( V i V iVP)l<i<i< n ' (W£)l<i<n> vfa 

Notice that (|2.17j) follows directly from the definition oiT k (t). 

Our goal is then to establish (|2.16l) . Now following the proof of [131 Theorem 
8.4] we directly obtain 

(2.19) -^ + A J2 \\9 a hb,c}\\ 2 Ll < J2 WQ-VyVfWk^. 

|a|=fe+l fc<|a|<fe+l 

+ J2 \\(d a T(f,f),e)f Ll . 

\a\=k 

Here we have trivially sharpened our use of |13[ Lemma 8.6] in the proof of [131 
Theorem 8.4] from what is stated in [131 Lemma 8.6] to instead what is proved in 
[T3l Lemma 8.6]. Namely, we keep a more precise track of the order of derivatives 
occurring in the upper bound. The "e" above is another fixed linear combination 
of the basis l[2TT5]) . 

We then claim that we have the following estimate 

(2.20) Y W(d a r(fJ),e)f Ll 

\a\=k 

<zk,1 £ (\\d a \a,b,c]f L2 +\\{I-P}d a 'f\\l lL ^ 
| Q '|=fc+i \ 

Now (|2.19[) combined with (|2.20[) establishes (|2.16[) since ex.e is sufficiently small. 
Thus our goal is reduced to establishing (|2.20p . 

We now use equation (6.12) of [131 Proposition 6.1] to obtain that 

Y \\(d a T(fJ),e)\\ Ll < Y E I \ Qai f\^ m \d a - ai f\L* 

|a|=fe |a|=feai<a 



Li 
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which holds for any large m > 0. Here, we are also using the fact that e satisfies 
the property (4.1) in j!3| which we need in order to apply |13[ Proposition 6.1]. 
More precisely, we are using the fact that |e| < exp(— A|u| 2 ), which follows since e 
is a linear combination of functions satisfying this bound. 
Then for all p, q > 2 with - + - = i we have 

| \d ai f\L*_ m \9 a - ai f\ L i 

In the hard potential case, we take m > and in the soft potential case, we take 
m > r~ 2s m We (j a micro-macro decomposition, as in (|1.13|) . to see that 



P }/ \\l?L* ■ 

To estimate these terms we will use (|2 . 22[) just below. 

For any k £ {0, 1, . . . , K — 1} such that \a\ = k and ai < a there exists p, q > 2 
satisfying - + i = | such that we have 

(2.22) ll^-^/L^JI^^H^, < £ ll3 Q '5lU5*i 

|a'|=fe+l 

|a'|=fe+l 

This holds for any separable Hilbert spaces H v and H' v such as those from Section 
rOl The bound (g^j]) follows from Lemma I37T31 Lemma IQ31 and Lemma l¥T5l 
which are proved in Section [4j We are also using the fact that K — 2 > K*. Notice 
further that in the above lemma ~H V and H' v could be R with norm given by absolute 
values, as in for instance ||<9 ai [a, 6, c]|| L? . To finish this off, we notice that all of 
the terms in the upper bounds of (|2.21|) can be bounded above by the norms in 
the lower bound of the inequality of (|2.22[) with || • \\ft v and j| • ||^/ cither given by 
absolute values, | • |, or by | • \i? ^ . Thus using (|2.22p with the appropriate p, q as 
in (|2.22|) . and using Theorem [T7S in f|2.21[) we notice that (|2.20j) holds true. Here, 
we use the fact that £ > ^£ by □ 

2.2. Estimates in the homogeneous Besov space. In this sub-section, we as- 
sume that the initial data /o is sufficiently regular and we prove the following 
integral inequality for the functional Besov norms of the solution / to (|1. 101) . 

Proposition 2.3. Consider f(t,x,v), the solution to the Boltzmann equation ob- 
tained in Theorem \1.4\ with initial data fo(x,v) satisfying \\ foils- e -°° l 2 ^ 00 



\\ dai f\\LlL> + Jd a - ai f\\ LlL * 



( 2 - 2 l) Wd ai fh iL * + Jd a - ai f\\ LU > +2s 

< \\d^[a,b,c]\\ Li ||d Q - ai KM|| i£ 

+ \\d^[a,b,c]\\ L% \\d a - a > {I- P}/|| LPi2 
+ ||a« 1 {I-P}/|| L , L2 \\d a -^laAc]\\ LP 

+ l\d a Hl--P}fl\LUK, ||^ Q1 {I- 
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g G (0, n/2]. Let e K ,e from (fQ5)l be small with l>i\ with i\ from (|L~32]l . The 



(2.23) |j/(0ll|- e ,~ L2 < 



|/3|<2 



f d s \\vf{ s )\\ 2 L i L2 Yl !l 9Qp /( 



S ->H LlLl ) 



where 



l«l=Lf-eJ 

e- Lf -ej e [o,i). 



|a'|=Lf-e+iJ 



P/(s) 



20 



LlLl 



We note that the integrand in the first integral is related to the dissipation rate 
(|1 .24|) , whose time integral we know is finite by Theorem 11.41 This will be a crucial 
observation in the following section, when we prove uniform a priori bounds on the 
macroscopic part in a functional Besov space. The precise bound is given in (|3.5[) . 



Proof of Provosition \2.S[ The operators Aj are defined in Section |4~21 We take Aj 
of (flTTO]) . multiply (fTTOf by Ajf, integrate over K™ x E™ and use (fl~T7|) to obtain 



ld_ 

2 eft 



AjfWl, t + A||{I - P^/H* < l(A,r(/, /), {I - P}A i /)| . 



Here, we used (|1.15[) and the fact that P and Aj commute. We estimate the upper 
bound directly as: 



|(A J T(/,/) J {I-P}A i /)|<C A ||«;^A i r(/,/)||i> £S + -||{I-P}A i /||i 3La 
As in (|4.2|) . using the Bernstein inequality, one obtains 



IK 



A,T(/,/)||i 2i2 <2^\\w^r(f,f)\\l, , a , 



where £> = ^ - § for p G [1, 2]. Equivalently p = for p € [0, § ]. We need to 

estimate \\w r(/, f)\\ 2 L P L2 ■ Let us use the estimate from [551 Proposition 3.1, 
Eq (3.20)] to obtain 



(2.24) 



Ik = r(/,/)||| ?i2 



< 



+ „ 

w 2 / 



LI 



w 2 / 



Hi, 



Here i = 1 if s G (0, 1/2) and i = 2 if s G [1/2, 1) as in dTTTJ and (7 + 2s)+ is 
the positive part of 7 + 2s. More precisely, we recall that [25j Proposition 3.1, Eq 
(3.20)] states that for real numbers b + ,b~,b' > with b~ > b' , and b = b + — b~ , 
one has the following uniform estimate: 



(2.25) 



\w b T(f,g)\ L? <\w b+ - b 'f\ Li \w b+b 'g\ H 



(T+2<0 + ( 7 + 2s) + 



where i = 1 for s G (0, |) and « = 2 for s G [5, 1). Then to obtain (|2.24[) we use 
(f2~25|) . In the hard potential case (fl~8|) . we take 6+ = 0, 6~ = 2 ±^£ an d 5' = 0. In 
the soft potential case (jl.9|) . we take & + = — 7 t, 2s , 6~ = 0, and 6' = 0. 
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In the following we will prove upper bounds for the estimate in ()2.24|) . We do a 
micro-macro decomposition, e.g. (|1.13[) . of / to further bound (12.241) as 



(2.26) 











2 














< 






w 2 f 




w 2 f 




\[a,b,c}\ 2 






LI 




H> 







(T+2») + 



[a, &, c] 



[a, 6, c] 



( T + 2s) + 

uT^^I-P}/ 



2 



+ 



w 2 {I - P}/ 



L 2 . 



(T + 2s) + 



We will now estimate each of the terms in the upper bound of (|2.26[) separately. 
The main difficulty in estimating these terms arises from the macroscopic parts of 
the solution. Notice that for the first upper bound in (|2.26p we have the equality 



I [a, b, c] 



L p . 



[a, b, c] 



If p — 1, which is the case when £> = §, then a major difficulty is that this term can 
not be further estimated from above in terms of the dissipation from (|1.24[) . We 
first note that, by arguing as in the proof of (|2.8[) . we can deduce that: 



(2.27) 



\d^[a,b,c\\<\d^Pf\ Ll 



Since \ + ^ = i, use Holder and (ET2T)) with ai = to obtain 



(2.28) 



[a, b, c] 



LP <HP/ll^||P/||^ i2 



Since ge (0, f ] then 2 <= [2,oo). 

Let us first consider the subcase when ^ — g ^ Z. For the term in L 2 , we use 
(|4.10p and Lemma OH to obtain 



2(1-9) 



:2» 



(2.29) 



|p/ii 2 r t r2 < ( E n^p/ii^L? 

, \a\=m 



E ii 9ap /ii^ 

J«I=J 



where now 8 = 2 j ._ e m m and m and j, with m ^ j arc to be chosen. We generally 

choose j = — g + 1\ and choose m = [§ — Then j — m = 1 and 6 = 
^ — p — — G (0, 1), since by assumption § — g £ Z. 

If | - q e Z, we can use PTT|) to deduce that (|2~2l)j) holds with = and 
m = § — g. This completes our estimate for the first term in (|2.2GI) . 
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The remaining terms can be estimated quickly. Indeed since \ + ^ = ^ the last 
three terms in (|2.26[) arc all bounded above by a constant multiple of 

(2.30) Ww^ff* Y, ^^W-vMU 

L * L " \p\<2 

l/3|<2 

We used the functional Sobolev embedding (|4. 13[) to obtain the last inequality 
above. More precisely, we note that: I \w s /II a < \\w 5 f\\H m L 2 f° r 

m = [f — Q + lj < K. Hence, since I > , it follows from Theorem 11.41 that 

(2±|£l+ ,2 a < e ^ The bound fl^gpji now f n ows . □ 

3. Large-time non-linear decay in Besov spaces 

Our goal in this section is to prove the main result. We will do this by combining 
the differential inequalities from the previous section to prove a stronger differential 
inequality for a quantity which is equivalent to the appropriate Sobolev norm of 
the solution / to (jl.lOj) . More precisely, for a fixed k £ {0, 1, . . . , K — 1} and for a 
small k > 0, we define 8 k {t) to be the following continuous energy functional 

k<\a\<K k<j<K-l 

Then by (|2.17p for k > sufficiently small we have 
(3-1) £ k (t)* J2 \\d a .f(t)\\l lLi . 

k<\a\<K 

Our goal will be to prove a strong differential inequality for £ k (t). 

We will give two proofs of the main result. They will differ in the techniques 
which we will use in order to prove them, but they will also differ in the main 
differential inequality which we prove for £ k (t). The first proof below uses a new 
dyadic time-regularity summation argument to close the time decay estimates. The 
second proof uses a double interpolation separately in spatial regularity and in 
velocity. For the interpolation steps, we use techniques from Section 2] 

The main differential inequality obtained from the first proof is given in (|3.13|) 
and the one which follows from the second proof is given in p,17p . Both of them 
give the same high Sobolev norm estimate £ k (t) < (1 + t)~( k+e \ In order to derive 
both differential inequalities, we need to assume the a priori uniform bound (|3.5[) on 
the macroscopic terms in the functional Sobolev space. The latter bound is proved 
by using the integral inequality in Besov space given in Proposition 12.31 

In Sub-section 13. 1[ wc prove some preliminary differential inequalities which 
follow from the results of the previous section. In Sub-section 13.21 we give the 
first proof of Theorem 11.11 under the assumption of the a priori bound (|3.5[) . In the 
following sub-section, we give the second proof. Furthermore, in Sub-section l3.4[ we 
verify the a priori bound p.5[) . In Sub-section 13.51 we collect all the estimates and 
use an interpolation argument to deduce the bounds which are claimed in Theorem 
11.11 and in Corollary 11.21 We note that the bounds we prove are, in fact, slightly 
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stronger than the ones in the statement; see (|3.23[) . Finally, in Sub-section 13. 6[ we 
prove Theorem 11.31 by using the improved linear decay estimates from Section [5] 

3.1. Some preliminary differential inequalities. In this sub-section, we collect 
the main estimates from Section [2] in order to deduce one differential inequality for 
£ k (t). Namely, using Lemma 12.21 with Proposition 12.11 we deduce the following 
instantaneous differential inequality for some i] > 0: 

(3.2) _ { t) +11 (p h k+1 {t)+V^(t)) <0. 

where the hydrodynamic part of the dissipation, and the microscopic part 

of the dissipation, T)™(t), are each defined as 

z>ti(*)= E H3>,Miii,, vm= E !i{i-p}5 Q /ii 

k+l<\a\<K k<\a\<K 

More precisely, we first note that, by Lemma \2. 21 Proposition 12. II and by the defi- 
nition of £ k (t), it follows that for some C\, C 2 > we have 

(3.3) —(t)<C W \\d a f\\l lN „-,-2X Yl ll{I-P}^/ll^ 

k+l<\a\<K k<\a\<K 

+ C 2 n Y WV-VWfWliL*^-^ E \\9 a [a,b,c]\\ 2 Ll 

k<\a\<K fc+l<|a|<_ff 

< (C 1 e K j-2X + C 2K ) V ||{I-P}g) q /||| 2 



lL 2 L 2 . , 

x 7+2s 



k<\a\<K 



\h- 



+ c^ Ktl E \\ p d a f\\ 2 L 2 Ns .^K\ J2 ii 9 >>m 

k+l<\a\<K k+l<\a\<K 

Now, we note that, for some C3 > 0: 

(3.4) \\Pd a .f\\ LlN ^-r < C 3 \\d a [a,b,c]\\ Ll 

To prove this we recall (| 1 . 1 3|) and the fact that P and d a commute. Then (|3.4[) 
follows taking | • |jv>.7, using the triangle inequality, and taking || • 

One first fixes A > which satisfies Lemma l2"T2"l and Proposition l2.il Afterwards, 
one takes k > small in order to satisfy (|3.1|) and for which — 2X + C 2 k < 0. Finally, 
one chooses €k,i small enough so that C\£k.i — 2X+C 2 k < and CiC^ex.e — ^A < 0. 
Substituting these estimates into (|3.3[) . we deduce that (|3.2[) indeed holds. 

We now prove Theorem ll.il As was mentioned above, we will give two proofs. 
We will suppose in both proofs below that for some g £ (0, ^] we have the following 
uniform estimate 

(3.5) || [a, 6, c](t)||^- e ,oo < Co < 00, Vt > 0. 

Let us see how Theorem 11.11 follows if we know this additional bound. 

3.2. First proof of Theorem 11.11 We recall that the first proof is based on a 
dyadic time-regularity decomposition. 

First proof of Theorem \l.l\ We use time- weighted estimates. Fix s > to be cho- 
sen later, and e > small, we multiply (|3.2[) by the time weight (1 + et) s to obtain 

(3.6) | ((1 + et) s £ k (t)) + „(1 + sty (Vl +1 {t) + Vf{t)) < se(l + sty- 1 £ k (t). 
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We use (|3.1|) . the decomposition (|1.13j) with ()1.14j) . and estimates which are anal- 
ogous to the one used in the proof of (|3.4j) to obtain 



(3-7) £ k {t)< \\d a [a 1 b,c]\\l l (t)+V h k+1 (t)+ Yl l|{I-P}d Q /!li, L?i W. 

\a\=k k<\a\<K 

We will handle each of the terms in the upper bound of (|3.7[) separately. 
To handle the first term in the upper bound of (|3.7p we notice that 

(3.8) E !|a«[a,&,c]||i,(t)«^2 2 ^||A J [a,6, C ]||i,(t), Vm = 0,1,2,... 

Recall Aj are the Littlewood-Paley projections onto frequencies 2 J which are defined 
in Section 14.21 Notice that (|3.8[) is a consequence of Theorem 14.101 combined with 
Lemma T4. 131 and (|4.3p . Now fl3.8[) implies that we have 

(1 + et)- 1 J2 2 2 ^||A,[a,M||L^)< E 2 2 ( fc+ ^||A J [a,6,c]||^(t) 

2jVT+H>1 2Jv / T+£f>l 

< J2 \\d a [a,b,c\\\ 2 L *(t). 

\a\ = k+l 

Crucially the implied constants are uniform in \/l + et. Using (|3.8[) we have shown 

(3.9) (l + et)-i J2 W[^b,c]\\ 2 Ll {t)< J2 Hd>,MI||,(t) 

|a|=fe |a| = fe+l 

+ (l + er 1 E 2 2fe iA i M,c]|| 2 ^). 

23 VT+£t < 1 

Furthermore, we have the direct estimate 
E 2^\\A j [a,b,c}(t)\\h 

H ^/T+et< 1 

<\\[a,b,c](t)\\%;..- E 22(fc+eb ' 

2J\/r+5t<i 

< \\[aAc](t)\\l- e . x (l+etr^. 



In the last inequality we have used the following calculation 

2 2 < fe +^ = (1 + et)-^ (2 J VTTrf) 2(fe+e) 

2J V / T+H < 1 1i </T+ei< 1 



< (l + £t)- (fc+e) , 

where the implied uniform constant in the upper bound is independent of the size 
of Vl + £t. Collecting these estimates, including ()3.9|) . we obtain 

(1 + rf)- 1 ^ ||a«[a,6, C ]||i,(i) < E l|d>,MII^(t) 

\a\=k | Q |=A;+1 

+ ||[a,6,c](t)|| 2 J -_(l + er 1 ^ +£,) - 
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which by (|3.5j) is: 

(3-10) < J2 \\d a [aAc]\\l^t) + Cl{l + et)-^ k+ e\ 

\a\=k+l 

This will be our main estimate for the first term in the upper bound of (|3.7|) . 

For the third term in (|3.7I) we will use a time- velocity splitting. Recalling (|1.22[) . 
we define the time-velocity splitting sets by 

(3.11) E{t) = {{l + et)- 1 < W -' +2s {v)}, E c (t) = {Kw~^ 2s (v)(l + et)- 1 }. 
With this splitting, we have the following estimate 

(3.12) (1 + rf)- 1 E \\{I- p }d a fWhLi< E 

k<\a\<K k<\a\<K 

+ A{l + et)- 1 -^ \\ wlo ^-^{l-V}d a f\\l lLl 

k<\a\<K 

< J2 UB{I-P}d a f\\ 2 LiL , +2g +A(l+et)- 1 -( k +^e K , e . 

k<\a\<K 

where 1^ is the usual indicator function of the set E from (|3 . 1 1 [) . Using E c the 
last estimate above holds for A — 1 since £q > ~(-f + 2s)(k + g)/2 > in the case of 
the soft potentials (|1.9p using f)l .30[) . For the hard potentials (|1.8[) , we notice that 
1e = 1 (always) and we then have the above estimate with A = 0. 

We use (Ell), (EH), ([3~l"u) . and (|3~T2l to deduce that, for e > sufficiently small 

(3.13) j t ((l+ety£ k (t)) + \(l + ety {V h k+1 (t) + Djftt)) 

Choosing s = k + g + 6 for a small 6 € (0,1) and integrating this in time: 
? k (A < (r 2 -x- c „ A (\ _l ~+\-k-e-S f a,, (1 j. nA 6 - 1 



(3.14) £ k (t) < (Cl + € KJ ) (l+et)- k - e - 5 / du (1 + euY 

Jo 

+ (l+et)- k - e - s £ k (0) 

< (1 + t)- k - e ~ s (l + 1) 5 « (1 + t)-( fc +^. 

The constant is uniform in £ > 0. Then fl3.14[) holds as long as we have (|3.5|) . We 
note that (|1.5p immediately follows from (|3.1j) and (|3.14[) . □ 

3.3. Second proof of Theorem ll.il The first proof of Theorem 11.11 used dyadic 
decomposition. We give another proof of this theorem which uses instead interpo- 
lation as in the following lemma: 

Lemma 3.1. Suppose k > and g > 0. We have the interpolation estimate 

\\d a g\\h x < I E W da 9\\h 



E w da 9\\h s E ii^iiij I \\9\\^'2, 

\a\=k \\a\=k+l 



where 6 = rr-^ ■ 
g+k+l 

Lemma 13.11 will be proven in Lemma 14.51 of Section 01 We now prove again 
Theorcm ll.il assuming Lemma l3Tl and using Proposition 12.31 as follows. 
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Second proof of Theorem ] 1. 11 From Lemma T3. II and p.5j) . wc obtain that 

e+k 

g + k+l 

J2\\d a [aAc\\\ 2 Ll (t)<c\ £ ||fl°[o,6 J c]||i 5 (t) 1 

|a|=fc \|a| = fc+l 

At the same time from Theorem 11.41 we have 

^ !|a Q [a,&,c]||^(t)<£^(t)<£AV. 

fc+l<|a|<A 

Collecting these estimates, since 1/6 > 1 wc obtain 

(3-15) £ \\d a laAc}\\ 2 Ll (t)\ < \\d a [aAc]\\ 2 Ll {t). 

\k<\a\<K J fc+l<|a|<A" 

This is the main estimate that we will use for the macroscopic part of the dissipation. 

To handle the microscopic part of the dissipation, we first consider the soft 
potential case when 7 + 2s < in ()1.9|) . We use the weighted interpolation estimate 



J2 H{i-pwni^< f J2 ii^-p^/iii^J 

H<a \fc<|a|<A 7 J 

\\^^ ] ^{l-^}d a f\\l lL A 

\a\<K J 




(1-9') 



This follows directly from the Holder inequality, and holds for any 9' <S (0,1). 
However from the previous interpolation we choose 9 1 = 9 = ^^j. Then we have 

y> = 2 J <* + *)=*• 

Then again if we apply Theorem 11.41 with any £> £\ we observe that 

k<\a\<K 

Since £ > £q from (| 1 . 30[) . then one indeed has £ > £0 > £\. The estimates in this 
paragraph then imply that 

/ \ 1+ iTfc 

(3.16) Yl wv-vy^fwiiLi) < E ii^-POTiiij^- 

\k<\a\<K J fc<l«l<A: 

This is the main estimate that we will use for the velocity degenerate microscopic 
part of the dissipation. Notice that ()3.16[) is also true for the hard potentials 
with £\ = 0; in this case the proof of (|3.16[) does not require interpolation. 
Now we collect (|3.16l) and (|3.15p into (|3. 21) to obtain that for some C > 

(3.17) J £k{t) + C ( £ k ( f )) 1+ ^ ^ °- 

Then by a standard argument with this differential inequality we obtain that 

(3.18) £ k (t) < (i+t)-(e+ fc ), 
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uniformly in t > which holds as long as we have (|3.5[) . □ 

3.4. Proof of the a priori bound (|3 . 5|) - In this sub-section, we verify the a priori 
bound (|3.5[) which was crucial in the two proofs of Theorem 11.11 In order to prove 
this bound, we will use Proposition 12.31 As was noted earlier, the first integral 
on the right-hand side of the inequality obtained in Proposition 12.31 is bounded by 
the integral of the dissipation (|1.24[) . whereas for the second integral, we have to 
work harder. As wc will sec in the proof, the case when g G (0, can still be 
estimated by using the integral of the dissipation, whereas the case g G [^y^, § ] is 
more difficult, and it requires an additional interpolation step. We are interested 
in obtaining the endpoint case p = § since B 2 2 '°° D L 1 (R"). 

Proof of (|3.5[) . Wc will estimate the last two terms in the upper bound of (|2.23l) . 
In particular, for any solution f(t) as in Theorcm ll.4[ wc will prove that 

(3.19) ||/WIIb-».»l2 <C <oo, Vi>0, if ||/o|Ib-..~ £S < oo, 

which is stronger than (|3.5[) since P is a projection on L 2 V and the Littlewood-Palcy 
projections Aj commute with P. In other words, we are using that for all j: 

2-«*||A J -/|| L j i3 > 2-»'||A i P/|| i j i3 « 2-ei\A j [a,b,c]\ L 2 

where we are also using (|1 . 14[) . By taking suprema in j , it follows that the condition 
p. 191) is indeed stronger than (|3.5[) . 

For the second term in (|2.23[) . for some finite constant C > 0, from (|1.26[) we 
have that 



(3.20) / ds ]T ||fy{I-P}/(*)||i 3L , a 

|/3|<2 

< f ds £ \\dp{l-Y}f{s)\\l lNt% < C, 

J ° |/3|<2 

provided that £ — 2p > 0. This condition is satisfied because £ > £o for £q from 
(|1.30p . Namely, for the hard potentials (jTTSj) , we have £q > 2 = 2p. In the soft 
potential case (|1.9j) . we also know that £o > 2(— 7 — 2s) = 2p from ()1.30p . 

To estimate the last term in the upper bound of (|2.23l) wc first suppose that 
g G (0, then (j33)) will follow directly from (|2.23[) when combined with the 

time integrated Lyapunov inequality (jl.26j) . In particular g G (0, implies that 
L| - Q\ > 1 and also 2 < [f - Q + lj < K*. Then we have 



rt 20 

/ ds\\pf( S )\\i lLl J2 \\9 a -pmf^P E aQ ' p/(a) L"l» 

|a|=Lf- e J |a'|=Lf- e +iJ x " 

<e K<l fds Y \\d a Pf(s)\\l lLi <1. 
J ^ 1 — 1 _ — 1^* 



l<|a|<J<r* 



Recall from f|2 . 23[) that 8 G [0, 1). In the above we have used the time integrated 
Lyapunov inequality (|1.26|) . (|1.24j) and the fact that P is a bounded operator on 
L^L 2 which commutes with differentiation in x. Then when g G (0, 7 - L ^-) and 
ll/bll B _e '°°£, 2 ^ 00 ' P-^P follows from (|2.23|) and these last few calculations. 
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The next case we consider is when g £ (^rp, § ) and ||/o|| B~ e '°°L 2 + II/oIIlJl2 < oo 
(as we will see below, the case g = is a little bit different). In this situation 
we obtain that ||/o||^-e',o° i2 < 00 f° r an y Q 1 (Oi £•) by interpolation: 

(3-21) ll/olls-e'^^ < ll/oll^-loo^a ||/o|li2 L e 2 )/e - 

Then daHU) follows from LemmaEUwith H v = L 2 V and L%L\ « £°' 2 I^ c B°'°°L 2 v . 
We conclude that ([338]) holds for any £>' € (0, 2=2) and any fc g {0, 1, . . . , K - 1}. 
Then, by using (|2~23| . (pT20|) . ([3T]) and (f3T8j) for it follows that 

(3.22) ||/(t)||£-„oo £a < ||/o|fe-..~ £a + 1 



+ 



ds (1 + s )- ' (1 + s )-(Lf-ej+ e ')d-e) (1 + s)r ( Lt _ e+ i J+e ')e 

< C < oo. 



Here from (|2.23[) wc use 6 — ^ — g — |_§ — £>J • Given any g 6 §) we choose 

=' ^=2 _ e ' e (o, 2=2) for any sufficiently small e' <G (0, §). This then guarantees 
that the upper bound for p.22[) is finite since n > 3. More precisely, we want to 
guarantee that —2g'— L§ ~ £?J — $ = — 2p' — < —1, which can be shown to follow 
from from 2e — 9 < n — 3. Then the above choice of e is sufficient. 

Furthermore, if g = we note that - — g = 1, so the above construction gives 
8 = 0. We take € (0, ^y^) and we note that the integral in (|3.22j) becomes: 

t 

(1 + s)- 2e '- 1 ds 

o 

which is uniformly bounded in t since — 2g' — 1 < — 1. 

Lastly if g = ^ and ||/o|ls-e.°° £ 2 < 00 we again use the estimates (|3.2ip and 

(1X221) with 9 = and d = § - e g (2=2, §) for some sufficiently small e g (0, 1/2). 
Then -2g' < -1 in (pT2"2"|) and this establishes ([32J for any g g [0, § ]. □ 

3.5. Conclusion of the proof; the interpolation step. In this sub-section, 
we prove the exact statement of the result in Theorem ll.il For completeness, we 
explain now how to deduce (|1.4p from (|1.5p or p,18[) . In particular from (|3.1[) . 
(|3.18|) and the fact that H% v ~ B^' 2 !* 2 ,, we obtain that 

ii/wiii^ <(i+r (fc+e) , 

for fc g {0, 1, . . . ,K - 1}. We furthermore use the above, ([535]) , and (|4~T5j) with 
= L 2 to deduce that 



(3.23) 



ll/WII| rL 2 <(l+*r (a+e) , V S >2^±£), V fl £[- ftl 



which is stronger than the bound in (|1.4[) . These estimates hold uniformly in t > 0. 

Specifically to obtain (|3.23[) we used the interpolation result (|4.15[) with I = a, 
k = —g, m = fc, q' = 2 f^p|) , r' = oo, p' = 2 and q = r = p = 2. We also noted 

the following embeddings B^ q ' L 2 V C B%'L% C B^°°L 2 V . 
Finally, we prove Corollary 1 1.2 1 
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Proof of Corollary 1 1.21 Fix some 2 < r < oo. We will use the interpolation estimate 



7„ i n n 

2 <r || W ,i||2(l-«) ll«a^^M|29 a _ k + 2 ~ 7 

K -1 ' 



(3.24) ^ l|a Q /(0ll! 5L; < ll/Wlir^ E Wfit)\\%Li 

\a\ = k \a\=K-l 

This follows from (|4.10[) (with m — 0, £> = if — 1, and T~L V = L%) combined with 
Lemma T4. 131 and Lemma \A. 141 The interpolation (|3.24p holds (using (|4.10p ) when 
K — 1 > k + — — (which explains the corresponding restriction in Corollarv ll.2p . 
Then Corollary II 21 follows by applying (|1.5p to the upper bounds of (|3.24[) . □ 

3.6. The proof of the faster time-decay rates in Theorem 11.31 Let us now 

prove Theorem 11.31 In order to prove this theorem, we will need to use linear 
decay estimates given by Proposition 13.21 and Proposition 13 . 31 below. As in the first 
proof of Thcorcm ll.il we will use a dyadic decomposition. Consider the linearized 
Boltzmann equation with a microscopic source g = g(t,x,v): 

d t f + v ■ V x f + Lf = g, 
/|t=o = fo- 

For the nonlinear system (|1.10|) . the non- homogeneous source term is given by 

(3.26) ff = r(/,/) = {i-P}r(/,/). 

Solutions of (|3.25l) formally take the following form 

(3.27) f(t) = A(t)/ + / ds A(t-s) g(s), A(f) =V* B , B = L + v-V x . 



(3.25) 



Jo 

Here A(t) is the linear solution operator corresponding to (|3.25[) with g = 0. 

Our goal in this section will be to prove Theorem 11.31 This theorem is more 
subtle that the previous decay theorems because of the more severe singularity in 
for example the space B 2 (™ +2 '/ 2 '°°. i n this situation we do not have uniform in 
time bounds such as either (|3.19[) or even (|3.5[) . Therefore the previous methods 
are difficult to apply, and instead we will use linear decay estimates. 

Proposition 3.2. Suppose m, g e K with m + g > and £ G M. Then 

\\w"A(t)f \\ AsiL2v < (l+t)-^\\w^f \\^ LlnK ^ Ll . 

This holds when \\w l+c7 fo\\ H m L 2 nB~ e -' x; l 2 ^ °°' Notice that for the additional 
weight on the initial data we assume a > — (m + Q)("f + 2s) > for the soft 
potentials (|1.9|) . And for the hard potentials p.8[) we take a = 0. 

We point out that Proposition 13. 21 is proven in Theorem 15. II of Section [5] In the 
following, we observe faster decay in the hard potential case (|1.8p when the initial 
data is microscopic, as in (|1.13[) . 

Proposition 3.3. Suppose the initial condition fo in (|3.25p with g = satisfies: 

(3.28) P/ = 0. 

Fix m, g £l with m + g > and I > 0. Then we have 

\\w e A(t)f \\^ Li < (l + *)"' £±f±1 ||^/o|| J jm I ,2 n B-« ! .-i2. 

This faster decay is proven in the hard potential case (jl.8p . 

Again Proposition 13 . 31 is proven in Theorem 15.61 of Section [5] Now we use these 
linear decay results, and previous developments to prove Theorem [O] 
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Proof of Theorem \1.3i Starting from (|1.26[) , we obtain as before 

(3.29) J t £l<At) + A ^ ( * } + " °' 

where the hydrodynamic part of the dissipation, D , ^(t), and the microscopic part 
of the dissipation, e (t), are each defined as in the following 

V h K (t)= E \\d a [aAc]\\ 2 Ll , V^{t)= E ll^^-^/WllWl,,/ 

l<|a|<X |a| + |/3|<K 

Here we also recall (|1.24[) for the definition of p. At first we focus on the case of 
Theorem 11.31 when g £ (0,n/2] and ||/o||g- 8 ,°c L 2 < oo. In this situation, we still 
then have (|3.19[) and we can re-use exactly either the first or the second proof of 
Theorem ITU This establishes ([TT5]) when g £ (0,n/2]. 

In the remainder of our proof, we suppose (|1.8p and we consider the case when 
{{P/oW b-«<°°l» < 00 and also IK 1 - p }/o|Ib-' !+1 ' c,0 z,2 < oo for g £ (n/2, (n + 2)/2]. 
Notice that in this very singular situation we do not have either ()3.19[) or even (|3.5p . 
Then we will use the time- weighted estimates, and the linear decay theory, since in 
this case the interpolation method seems to fail without (|3.5|) . 

Fix s > to be chosen later, and e > small (also determined below), we now 
multiply (|3.29[) by the time weight (1 + et) s to obtain 

(3.30) j t ((1 + et) s £ KJ (t)) + A(l + et) s (V h K {t) + V n ^ e (t)) < ss(l + et) s - x E K ,i{t)- 

We use (|1.23p . the decomposition (|1.13j) with (|1.14j) . and estimates which are anal- 
ogous to the one used in the proof of (|3.4p to obtain 

(3.31) £ K At)<\\{aAc}\\ 2 Ll (t)+V h K (t)+ E ll^-'^II-PI/Wll!^. 

\a\+\P\<K 

We will handle each of the terms in the upper bound of (|3.31[) separately. 

Initially, our focus will be on the first term in the upper bound of ()3.31j) . As in 
(I3.27p . with g given by (|3.26p . we expand the solution to (jl.lOp as 

(3.32) /(t)=A(t)P/o+A(t){I-P}/ + Ii(f), 
where we additionally use (|1.15[) to observe that 



hit) 



f k(t-s){I-P}T(f,f)(s)ds. 
Jo 



We now apply Propositions 13.21 and 13 .31 to A(i)P/o and A(t){I — P}/o respectively, 
to obtain 

||A(t)P/o|| L;i2 < (l + t)- f l|P/o|| i;iS nB 2 — l V 
||A(t){I-P}/ |U Si j < (l + t)-^||{I-P}/o!l i2L2nB - e+1 - i2 , 
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where we recall that here g £ (n/2, (n + 2)/2]. For h(t), we have the estimate 

\\h{t)\\ L iLi < f W - s){i - P}r(/, f)(s)\\ LlLl ds 

Jo 

< I (i + t-s)-«||r(/,/)( s )|| i2i2n2 j - e+ i,~ L2 ds 

JO v x 2 V 

< [ (l+t-s)--2\\T(fJ)(s)\\ L i LlnLlLP Js. 
Jo 

In the last inequality we used the following embedding B^" £I+1 ' 00 L^ D L^L? for 
P = e -i + iL € [I: 2 ) when g £ (n/2, (n + 2)/2] which follows from Lemma [4~6l 
Notice further that by interpolation, Equation (3.22)], and p £ [1,2), we have 

(3.33) ||r(/,/)(*)|| £;£ ; n£;LS < ||r(/,/)( s )|| L?iSnL?i i <£ K ,t'(t). 

The last inequality holds for £' = 2(7 + 2s). 

Now since ||P/ ||^-e,=o i2 < 00 and ||{I — P}/ ||£-e+i,°° i2 < 00 we have that 
||/ ||^- e +i,oo i2 < 00 as in (|3.2ip . since f £ L 2 X L 2 V . Then for g £ (n/2, (n + 2)/2] 
from the first part of Theorem 11.31 which was already proven we have that 



(3-34) £ K ,i>(t)<(l + t) 



Here, we are implicitly using the fact that eK,p is sufficiently small, which follows 
from the assumptions of Theorem [O] and the fact that £q > £' by (| 1 . 301) . We collect 
all of the previous estimates and use (|3.32[) to conclude that 

(3.35) ||[o,6 > c]|| L ;(t)<||/(*)|| i;L ; 

< \\A(t)Pf \\ LlL 2 + \\A(t){I - P}f \\ L 2 Ll + \\Ii(t)\\ LlLl 

t 

-e+l 



<(l + t)-i+ ds (l + t-s)-2{l + s)- 



The first inequality above used estimate (|2.8[) . If g > 2, then we evaluate the time 
integral as in [24 ;j Proposition 4.5], to conclude that when g £ (2, (n + 2)/2] 

(3.36) \\[a,b,c]\\ Ll (t)<(l+t)-%. 

This is the desired estimate for the first term in the upper bound of (|3.31l) . 

For the third term in the upper bound of (13.311) following the procedure exactly 
as in (|3.11[) and (|3.12[) we obtain the following uniform estimate 



(3.37) \\w'-^{I - P}f(t)\\ 2 LlLl < \\w'-^{I - P}/Wlll Si , +2s 

<(l+rt)||^-l^{I-P}/||i 2i2 . 

x -y + 2s 

Here we explicitly used the hard potentials (|1.8j) assumption. 

Collecting (|3.37j) and (|3.36p into (|3.3ip and choosing e > sufficiently small, we 
plug these estimates into p.30|) to obtain 

(3.38) j t ((1 + et) s £ K ,t(t)) + A(l + etf (V h K (t) + V^{t)) < (1 + ety- 1 ^. 
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Now choose s = g + S for any small 5 e (0, 1) and integrate this in time to obtain 

(3.39) £ Kit {t) < (1 + et)- ~ s £ K . e (0) + (1 + st)~ e ~ s f du (1 + eu) 5 " 1 

Jo 

<{l + t)-e- s (l + t) s ^(l+t)- s . 

The constant is uniform in t > 0. We thus have Theorem 1 1 . 31 when g £ (2, (n+2)/2\. 

Alternatively suppose that we only have g G {n/2, 2]. Let us note this case only 
occurs for n = 3, and hence g S (|, 2]. Then from the estimate (|3.35p and the time 
integral estimate |241 Proposition 4.5] instead of (|3.36p we only have 

(3.40) ||[a,6,c]|Ug(i) < (1 + t)~^ e ~ 2 ) A(t) < (1 + t)-(i«- 2 )+°. 

Here = 1 if g 7^ 2 and = log(l + 1) if g = 2 so that a = if g ^ 2 and 
a > can be taken arbitrarily small when g = 2. Then we can apply the all the 
same estimates above to observe that 

*M*)<(i + *)- (3e - 4)+2a , 

when g £ (n/2, 2]. In the above estimates, we are always working with £ > £0 for £0 
denned as in (|1.30[) . Now this estimate is an improvement over (|3.34[) , and we use 
it in place of (|3 . 34[) to improve the decay rate by running again the full argument 
above. Since 3g — 4 < g, we need to iterate this procedure again. We argue as 
before, and note that we can apply (|3.33p with £' replaced by £ since £ > £q > £' to 
deduce that 

HhMiu; <(i+tr« + (i+r ( ^ 5)+3a 

and so 

^ (1 + ty e + (1 + i)-( 7e - io ) +6a 

Here, we note that ^ — 5 = (3g — 4) + (| — 1), as in [2H Proposition 4.5]. In the 
case when 7g — 10 > g, i.e. when g > |, we are done. Otherwise, we have to iterate 
the procedure. We define a sequence (T n ) inductively by: 

(3.41) Ti := 70-10, T k+1 := 2(T fe + (| - l) ). 

By induction, one can check that: 

T fc = (2 k+2 - l)g- (3-2 fe+1 -2). 

By the previous argument, it can be seen that the claim holds for g after k — 1 more 
iterations if Tfc > p. By using the explicit formula for Tfc, we can see that this is 
equivalent to: 

3 • 2 fc+1 - 2 
6> 2 ■ 2 k + 1 - 2 ' 

Since the right hand side of the above inequality converges to | as k — > 00, it follows 
that Theorem 11.31 holds when g £ (3/2, 2], when n = 3. This was the final case. □ 

The next section is dedicated to the proof of the functional interpolation inequal- 
ities we needed to use in order to prove the differential and integral inequalities in 
Sections [5] and [31 as well as the linear decay estimates Proposition 13.21 and Propo- 
sition 13^31 In Section [SJ we prove the linear decay estimates. 
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4. Functional interpolation inequalities, and auxiliary results 

In this section, we develop several functional type Sobolcv inequalities which we 
use to rigorously justify the proofs of the nonlinear energy estimates in Sections [2] 
and[3j The main idea will be to use analogues of the Calderon-Zygmund theory in 
the functional framework. In particular, we will observe that the generalizations of 
the Littlewood-Paley Inequality and the Hormander-Mikhlin Multiplier Theorem 
hold in the functional setting. We note that some of these results can be derived 
from existing results in the literature [3] , but we will give the main ideas of the proofs 
for all of the results we are using in order to make this section self-contained. 

An additional subtlety of working in the functional setting is that the Bcsov 
scminorm, as given in (|1.21j) . doesn't correspond to the convention for mixed norms 
given in (|1.19j) . Namely, the use of the definition on (|1.19j) would require taking 
the Besov norm of the function ||/(-)||h„) whereas in (|1.21[) . we localize in the 
frequency variable dual to x inside the T-L v norm. Hence, we can't automatically 
use any of the Sobolev embeddings in mixed norm spaces, but we have to rederive 
them by looking at the dyadic components separately and by using the functional 
Calderon-Zygmund theory. 

We remark that all of the estimates in this section are proven, say, in the class 
of Schwartz functions. Then the general inequalities which are stated below can 
be justified by standard approximation arguments. Furthermore, we point out 
further that all of the estimates below are true for functions which vanish at infinity 
sufficiently fast, which is not an additional restriction for functions in H K (M.™ x R") 
as is the case for our assumptions. 

Furthermore, we note that the Besov seminorms in the x variable, as well as the 
functional Bcsov seminorms defined in (jl.21[) . have a nullspace given by functions 
which are polynomial in the a; variable. Since we will be considering functions 
which vanish at infinity sufficiently rapidly in all variables, they will not lie in this 
nullpace unless they are identically zero. Hence, we can essentially treat all the 
Besov seminorms as norms. 

In Sub-section 14.11 we summarize the main facts we want to use from vector- 
valued Calderon-Zygmund theory. In Sub-scction l4.2[ we recall the basic properties 
of homogeneous Bcsov spaces and their embedding properties in the scalar- valued 
setting. Sub-section 14.31 is devoted to the main properties of functional Bcsov 
spaces. In particular, we study the Sobolev-type inequalities which one can prove 
in these spaces. Furthermore, we study the functional Littlewood-Paley theory and 
Hormander-Mikhlin Multiplier theory in Sub-section 14.41 Finally, in Sub-section 
14.51 we prove the product estimates which we used in Section [2] More precisely, we 
prove the estimates we needed in order to deduce (|2.7[) . (|2.14j) and ()2.22|) . 

4.1. Hilbert Space-valued Calderon-Zygmund Theory. In this sub-section, 
we collect some useful facts about Calderon-Zygmund operators which act on func- 
tions that take values in a Hilbert Space. These results are well-known, but we 
summarize them for completeness. For a more detailed discussion of vector-valued 
extensions of Calderon-Zygmund theory, we refer the reader to [H Chapter 5.5]. 

Let %i and %2 be separable Hilbert Spaces 0. Let us denote by £(7^1,7^2) the 
space of bounded linear operators from TLi to H2- Let A C K" x R™ be the diagonal 



We suppose the spaces we are working with are separable in order to rigorously to define the 
vector-valued spaces L p- Hj. For more details, we refer the reader to Chapter 5.5 of pp. 
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set given by A = {(x,x),x £ E n }. Suppose that K : E" x R n \ A -> C{Ux,%2)- 
Let T be the operator whose associated kernel is i^. More precisely, if / <G L^Hi 
has compact support in x, then: 

Tf(x) = / K(x,y)f(y)dy, whenever a; ^ supp(f). 

JR™ 

We note that the function T/ takes values in the Hilbert space H.2- 

Let us now recall the definition of boundedness for operators acting on vector- 
valued functions: 

Definition 4.1. Suppose that we are given 1 < p < oo and an operator S : I v x Ti.\ — > 
L V X TA.2 (which is not necessarily linear). 

i) We say that S is bounded from L^Hi to LPH2 if there exists a constant 
C > such that for all f G Iffiii, one has: 

\\Sf\\L*H 2 < 

ii) If 1 <P < o°; say 5" is weakly bounded from V x T-i\ to Iffiti if there 
exists a constant C > suc/i i/iai /or a// / € Iffiti and A > 0, one has: 

\{x£^;\\{Sf){x)\\ H2 >\}\<(^.\\f\\ LlHl ) P . 

Above \A\ denotes the Lebesgue measure of the set A. 

Then the following result holds: 

Theorem 4.2. Suppose that the operator T defined as above can be extended to a 
bounded linear operator from L X 'H.\ to L x T~l2- Suppose furthermore that there exists 
a constant C > such that the associated kernel K satisfies: 

*) f\x-y\>2\ y -z\ W K ( X > V) ~ K ( x > z )\\c(Hi,U 3 )dx < C, for all y,ze K". 

n ) I\ x - v \>2\x-w\ W K ( x >y) ~ K ( w ^y)\\cCH u n 2 )dV < C, for allx,w e R". 
Then, the operator T is bounded from L V X 'H.\ to IJfM.i for all 1 < p < 00 , and it is 
weakly bounded from L X T-Li to L X T-L2- 

This is the analogue of the classical Calderon-Zygmund Theorem [3] for functions 
which take values in a Hilbert Space. We will sketch the main ideas of the proof 
for completeness. The proof is similar to the scalar case. As in the scalar case, 
one has to have an interpolation result for weakly bounded operators given by the 
Marcinkiewicz Inequality. 

Definition 4.3. An operator S from a vector space of measurable functions on W l 
with values in "Hi to a vector space of measurable functions with values in I-L2 is 
called sublinear if the following hold: 

i) ||S(/o + fi)(x)\\n 2 < \\Sfo(x)\\n 2 + \\Sfi{x)\\ Ha . 

ii) \\S(Xf)\\ H2 = |A|||S/|| Wa , forallXeC. 

Proposition 4.4. Suppose that 1 < po < p\ < 00 and suppose that T is a sub- 
linear operator which is defined on L v x a T-i\ + L^'Hi. Furthermore, suppose that 
T : LPpHi — > L P ,°H2 and T : L^Hi — > L P X 1 'H.2 are weakly bounded. Then, for all 
p G (po,pi),T : LP.H1 — > I^H.2 is bounded with operator norm O p {\). 



THE BOLTZMANN EQUATION, BESOV SPACES, AND DECAY RATES IN K™ 



31 



The proof of Proposition 14.41 is reduced to the scalar valued case, since we can 
use the distributional characterization of the LP.%2 norm for 1 < p < oo: 

/>oo 

Jo 

Sketch of the proof of Theorem \4-%\ In order to prove Theorem 14.21 given a func- 
tion / <G Lj ocx V.i, one should form the Calderon-Zygmund decomposition of the 

function F(x) = f ||/(x)||« 2 . We note that F £ Lj oc x . We can then use Propo- 
sition |T4] and the proof of the scalar Calderon-Zygmund Theorem to deduce that 
T : L x Hi —> L X H2 is weakly bounded and that T : L^Wi —> Iffili is bounded for 
1 < p < 2. Now, we use the Riesz Representation Theorem for Hilbert Spaces to 
deduce, for the adjoint K*, that for all (x, y) € E™ x E™ \ A, one has: 

H-K"*(^2/)IU(«a,«i) = \\ K { x ,y)\\£.(,Hi,H,)- 

Hence, the condition ii) of the assumptions of Theorem 14.21 implies that the dual 
operator T* is weakly bounded from L x %2 to L X T-L\ and that it is bounded from 
to L p x 'Hi for 1 < p < 2. To prove the claim for 2 < p < 00, we argue by 
duality. Namely, let us take 2 < p < 00, f g I%Hi, g € {L P X H 2 )* ■ Since U 2 is 
a Hilbert space, it follows that (LP"H 2 )* ~ L^^, where p' denotes the Holder 
conjugate of p. Here, the duality is taken with respect to the pairing (•, •) given by: 

(/,<?W = J(f(x),g(x)) Hj dx, j g {1,2}, 

where (•,•}«-; is the inner product on Hj. Since p' g (1,2), it follows that T* : 
LP X %2 LP Hi is bounded. We conclude by noting that: 

\(Tf,g) LlH2 \ = \(f,T*g) L * Hl \ < WfWitnA'TgW^ < C\\f\\ LlHl \\g\\^. 

We thus conclude our sketch of the proof. □ 

4.2. Homogeneous Besov spaces. For an integrable function g : E" — > E, its 
Fourier transform is defined by 

~ n 

m = ^9(0 = / e- 2 ™<g{x)dx, * ■ f =' £ x ^ Z e R " > 

i=i 

where i = \J — 1. We define A k , the Riesz potential of order k g E, by: 

^(A*/)(£) = KI*/(0- 

We now describe a standard Littlewood-Paley decomposition on R" as follows. Let 
g C£°(R£) be such that 0(f) = 1 when |f| < 1 and 0(f) = when |f| > 2. Let 
^(f) = 0(f) - 0(2f) and <^(f) = ip(^) for j g Z. Then of course, 

$>;(£) = 1, ^0. 

Further let 7"(V>)(£) = ¥>(f) and then ^(a;) = 2 n ^(2 j x) satisfies .F(V'j) = tpj. We 
define 
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And if, say, / <G L p (Wf), for 1 < p < oo, then / = Ejgz &i(f)> w ^ convergence 
in L p . Now we define the homogeneous Besov seminorm for 1 < q < oo by 

H/Hb- = ( 2ffl 'll A i/IUs) 9 l . Il/Hflf- = sup(2«||A J /|| iS ) • 

The following embeddings are known: 

B Q / C Bg' q , for 4 > g'. 

Of course also || • || ^ e ,2 ~ || • || fig^y We note that we always use the Besov spaces 
acting only on the spatial, x, variables. 

Let us prove a useful interpolation estimate in Besov spaces: 

Lemma 4.5. Suppose k > and m, g > 0. Then we have the estimate 



where 



Q+k 
Q+k+m 



We notice that Lemma [3~T1 is implied by Lemma l4~5l Lemma T4. 131 Lemma T4. 141 



and the fact that B^' 1 C B^' 2 . 



Proof of Lemma \4-5\ For R £ M. to be chosen later, we expand out 

iMi^ = E 2fcJ ii A ^ik = E + E- 

Now E^^'IIA^IUl < 2 " mi? ll9lli3 2 fc +— • On thc othcr side 
^2^||A^|U s <2( fe +^|| 5 |U- s ,o=. 

Choosing R = log, „ „ 2 yields the result. □ 

As was noted at the beginning of this section, the Besov interpolation estimates 
in the scalar- valued setting arc difficult to apply directly in the functional setting 
due to our definition of the functional Besov seminorm (|1.21|) . However, we will 
still make use of the bounds of the preceding section. 

4.3. Functional Sobolev-type inequalities in Besov spaces. The main tool 
which is going to allow us to develop the functional Besov theory is the following 
Minkowski-type inequality for / = f(x,v) and g = g{x): 

(4-1) ||/*0lk, < 

Above the convolution acts only on the variables x <E K". In order to prove (|4.ip . 
we note that, for /, g as above, and for all x £ R ra : 

\\f*9\\nM = ((f*9)(x)..(f*9)(x))n v 

dyig(x-yi) / dy 2 g{x-y 2 )(f(yi)J(y2))-Hv, 
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which by the Cauchy-Schwarz inequality in Ji v is: 

< dyx \g{x-yx)\ I dy 1 \g{x-y- 1 )\\\f{y 1 )\\ nv \\f{y 2 )\\n v 

= (||/||«. * l<?l) 2 (*)- 

The bound (|4.1[) now follows. 

We can use (|4.ip to prove the following Bernstein-type inequalities: 

(4.2) \\^f\\LlH v <2^-^\\^f\\ LVHv , Vl<<7<p<oo, 

(4.3) ||A,AV||lp«„ « 2^||A J /|| LP « tJ , VI < p < oo, s e R. 

These inequalities are useful since they give us estimates on the pieces we are 
considering in the Besov seminorm (|1.2ip . 

Let us first prove (|4.2j) . We find Cp e C^°(R^ 1 ) such that (p = 1 near the support 

of the function tp defined in the previous sub-section and we let y>j(£) = We 

let F{4>){£,) = <p{£) and $ 3 -(a;) = 2 n ^(2^x). Then 

(4.4) A 3 -/^(^.*/)(x). 
We use these calculations and (14.11) to obtain 



(4.5) HA^/IUs^ = IjA.A./H^ = IHIA^/IIwJIls 

= HII^*A J -/||«J| £S <||||A i /|| w .*|^||| iS . 
Let us recall Young's inequality (for 1 < p, q, r < oo): 

(4-6) ||/*fl||iP(Rs) < ||/||i«(K2)||fl||i,'-(Rn) ) - + - = - + 1 - 

Q T J) 

We then apply (|4.6[) in the x variable and use ||^>j|| ir « 2'™") J to deduce (|4.2I) . 
We can also deduce the L^T-Lv embedding: 

Lemma 4.6. Suppose that g > and 1 < p < 2. FKe Ziaue £/ie embedding L p, H v C 
B~ e,ao H v where - — - = In particular we have the estimate 

(4-7) Wfh^-H* % Wf\Un v - 

This holds for example with g = ^ , q = 2 and p = 1 . 

Proof. Let p, g, g be as in the statement. We use (|4.2[) to deduce that for all j: 

2-«||A J /|| i ^„ < HAj/IUj^ < ||/|| L£ *„. 

The second inequality above uses the definition of Aj and Young's inequality in the 
x variable. The claim follows by taking suprema in j. □ 

In order to prove (|4.3[) , with notation as above, we note that: 
AjA s / = AjAjA 8 / = 2 JS (2 J "*(2 J '-)) * A,-/, 

where == A s t/i. As in the proof of (|4.2|) . wc use (|4. 1[) and Young's inequality (|4.6j) 
in the a; variable. Since ||2 J ' n #(2J-)||jri = ||*|| L i = 0(1), it follows that 

IIA.-AVIUs^ <2^||A i /|U SWi ,. 

We replace s by — s to obtain: 

l|A,/lk«„ = IIA-A'A^/W < 2-*||A'A J -/|| iS7V 
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We used that A s and Aj commute. Then (|4.3j) follows from the last two inequalities. 
As a consequence of (|4.3[) . we obtain, for all Si, S2 £ 1 and for all 1 < p < oo: 

(4-8) l|A Sl /ll^.^ t ,«ll/ll^ 1+S2 .^. 

In other words, differentiation by using the Riesz potential A and by using the 
index s in the definition of the Besov norm give rise to equivalent norms. We will 
use (|4.8p throughout this section without explicit reference. 

We will use the previous observations to prove several interpolation estimates in 
Besov spaces. In particular, we have 

Lemma 4.7. Suppose that m ^ g. We have the following interpolation estimate: 

where < 9 < 1 and 1 < r < p < oo. We also require: 

n n 

(4.9) k + = mil -9) + q9. 

r p 

Proof of Lemma \4-7\ Without loss of generality suppose that m < g. For R 6 R 
to be chosen later, we expand out 

11/11^ = E 2fc wik^ = E+E- 

jei, . ;.■ j<R 

Now using (|4.2p we obtain 

2 W ||A i /|| iSw . < E 2 W+ ^-5) J '||A 3 -/|| is «, < 2( fe +(v-?)- e )«||/||^,^. 

For the other term 

E 2fcJ 'll A i/lkw. ;$ E 2fcJ ' +(? " ?)3 'H A ^ll^ ^ 2(fe+( ^" f) " m)R ll/br-K,- 

Choosing i? = log 2 ( iJ/if^^r^) yields the result. □ 

Notice that Lemma |4 . 71 directly implies an optimized functional Sobolev inequal- 
ity of Gagliardo-Nirenberg-Sobolev-type. We obtain directly that for m ^ g: 

(4-10) l|A fe <?lkH„ < !|A m 5lli^J|A e 9 ||^^ 

where O<0<l,2<p<oo, and again 9 satisfies ()4.9j) . To see this, we set r = 2 
in Lemma 14.71 and note that 



E a j A fc 



< 

L%7U 



E H A iA fe 3lUs«. « IMIb^ 



l|A fe .g||L S «„ = 
and furthermore 

IMIij 3 ».~H, « bupHA^A^IUjk. < ^ IIA.A'^lll^^ = IIA^IUj^, 

where we have used (|4.3|) in order to deduce both bounds. 

We will frequently use the following functional Sobolev type inequalities 

(4.11) \\9\\lIu v £ l|A e slUs«„, --- = -. Kp<9<c», 

p q n 
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which implies that p = . The functional inequality (|4.11[) follows directly from 
(|4.ip combined with the standard fractional integration proof of (|4.11[) when there 
is not an additional function space T-L v . In other words, the inequality (|4.ip allows 
us to reduce the proof of the vector-valued case to the scalar-valued case. For the 
details of the scalar- valued case, we refer the reader to [3UJ Proposition A. 3]. 
We observe the following Besov space variant of (|4. 1 1|) ; namely: 

(4.12) IMUrw* £ W9\\bI^ --- = -, Kp<q< oo. 

Notice that (|4. 1 2|) immediately follows from applying (|4.11|) to the individual func- 
tions Ajg and then taking the i'j norms. 

We will also use the functional Sobolev embedding: 

Tl Tl 

(4-13) hWhlu^, < C q.n\\9\\H"H^ whenever k+->-, 2 < q < oo, 

q 2 

and ||g|| L oc Wtj < C n \\g\\ H k nv , Vfc > f . In the endpoint case k + ^ = § , (|4.13|) 
follows directly from (|4.11|) . In all the other non-endpoint cases, (|4.13|) follows 
directly from (|4.10j) . We can deduce the Besov version of (|4.13|) : 

Tl Tl 

(4.14) ||g||^o,2^ < C q;n \\g\\ H k Hv , whenever k + - > -, 2 < q < oo, 

and ||g||^o,2 H < C„||g||#fc Wij , Vfc > f . In order to prove (|4.14[) . we use (|4.13[) and 
(|4.3|) to note that for fc, q as in the assumptions: 

j>0 j<0 j>0 j<0 

We will use these inequalities to prove our main product estimates in Section [4.51 
First let us give one more Besov space interpolation estimate: 

Lemma 4.8. Fix m > £ > k, and 1 < p < q < r < oo. We have 

(4.15) M^^MU^M^^- 

These parameters satisfy the following restrictions 

„ , „ , n\ 1 1-9 1 9 1-9 

e = k9 + m(l-9), - = - + , -=- + __. 

q r p q r p 

Also 1 < p' < q' < r' < oo and solving we have 9 = € (0, 1]. 

The most common case of this inequality that we will use is 
( 4 - 16 ) \\9\\b^<h„ Z \\9\\%^hJ9\\^,^ 

with I, m > 0, for 6 = -J- e (0, 1). 



Proof of Lemma Recall || Ajg\\ L ^ nv = |j || Ajg(x, •)!!«„ ■ We use Holder's in- 
equality in x to obtain 

Consequently, for all j <G Z, one has: 

(4.17) 2^\\A j9 \\ Lmv < (2^\\A j g\\ L r Hv ) s (2^\\A j g\\ L , Hv )( 1 - e \ 
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Using (|4.17|) and applying Holder's inequality in j, it follows that 



\\(2^\\A jg \\ L ^M\ e 
This is exactly pTTip]) . 



< 



\(2 ekj \\Aj 9 \\l n Jj\\ 4 (2( 1 -^||A,, 9 ||^J 



□ 



Remark 4.9. Note that some other physical-space proofs of analogous interpola- 
tions don't easily generalize to the functional setting due to the definition (| 1 . 2 1 [) . 

4.4. The Littlewood-Paley Inequality for Hilbert Space-valued functions. 

In this sub-section, we use the tools from Sub-section 14.11 to obtain additional 
functional Sobolev inequalities in Besov spaces. We will use the Hilbert Space- 
valued Littlewood-Paley inequality (mentioned for example in |19|). 

In the following, we will always further suppose that H v is some seperable Hilbert 
space acting only on the variables v £ M™ as in Section [TT21 Then (■, -)fi v is the 
inner product in 7-L v and || ■ \\u v will denote the norm. We sometimes also use T-L' v 
as a second Hilbert space which satisfies the same assumptions. 

We will need the following vector-valued Littlewood-Paley inequality: 

Theorem 4.10. Suppose that ||/||l£w„ < 00 f or some 1 < p < oo. Then 

1/2 



\\^m\\n. 



ii/i 



In order to prove Theorem 14. 101 we need to apply Theorem 14.21 
Sketch of the proof of Theorem \4-10\ Given a function / € L X T-L V , we define: 

Tf = (Ajf)j. 

By the Planchcrel theorem, we note that the mapping T : L X H V 



bounded and linear. Hence, we want to apply Theorem 14.21 with Tii 



L x ^T~Lv is 
= i-L v and 



n 2 



{Hv Moreover, T is realized as convolution with the kernel: 



K(x,y) - fa(x - y))j £ C{H V , l)U v ) . 

Consequently: 

\\K(x, y)\\c{u v ,llH v ) ~ \\{^ji x -v))j\\if 
The required conditions in order to apply Theorem 14.21 are now checked directly as 
in the scalar-valued setting, and we can then obtain desired the upper bound for 



|A,/||h. 



In order to obtain the lower bound, we argue as in [32] and 



L'l 



we use the upper bound with Aj replaced by Aj (as in (|4.4[1 ) to deduce that for 
{fj} € Lll 2 M Vl one has: 













(4.18) 




< 


til A) 















Establishing f|4. 18[) uses a duality argument; then, in the duality step, it is crucial 
to use the fact that (LP.W V )* sa L v x Hv, where p' denotes the Holder conjugate of p. 
As before, we know that the above duality holds since W v is a Hilbert space. More 
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precisely, we let (•, •) denote the inner product on L^Hv, and we take g G L p T-L v . 
One then obtains: 

\(Z& j f j ,g)\ = \ y £{f j ,*r j g)\, 

j 

where A* satisfies the same properties as Aj. We then use the Cauchy-Schwarz 
inequality in Ti. Vl the Cauchy-Schwarz inequality in j, Holder's inequality in x and 
the upper bound with Aj replaced by A* to deduce that the above expression is: 



j 

< iKEii^iiHJ^i^iKEii^ii^j^Lg' < ikEii^UhJ^ii^ni^- 

Now P~TS|) follows by duality. □ 
From the Littlewood-Paley Theorem, we can deduce a Sobolev embedding bound: 
Lemma 4.11. Fix 2 < p < oo, sel. Then we have: 
(4-19) IIAVIksK, < ll/lls-^ « 



Proof. By Theorem 14. 101 we have 



I/IIls«„ 



< 



Eii A ./n 



£ Eii^/feJ "ii/i 



ig 

where we used p > 2 to obtain the second inequality above. 

In the last step, we are using the following fact about mixed-norm spaces. For 
measure spaces (Yi,/ii) and (^2,^2), if / = 7(2/1,2/2) is a measurable function on 
Yi x Y2, and 1 < q\ < (72, then the following inequality holds: 

(4-20) WfhULU <\\f\\Ll\LH- 

In particular, above we are taking Y\ = Z, Y2 = K™ , 51 = 2, tfe = P- 

The inequality (|4.20[) holds by definition when q\ = q2- When qi = 1, it holds by 

Minkowski's inequality. The full (|4.20p then follows by interpolation in mixed-norm 

spaces. For a more detailed discussion of this we refer the reader to [32] . 

The inequality (|4.19[) follows in the special case that s = 0. Furthermore, we 

note that the general case follows by using (|4.3j) . □ 



We will also need to use a Hilbert space- valued version of the Hormandcr-Mikhlin 
Multiplier Theorem. First note that given a function m : — > C, we define the 
Fourier multiplier operator m(D) on L^TLy by: 

Hm(D)f)(0=m(0m 

Then we have 

Proposition 4.12. Suppose that m : — > C is a bounded function such that 

l V ? m (OI<|^r, V£eK"\{0}, 0<fc<7i + 2. 
Then m(D) : L p/ H v —> L^Hy is a bounded operator for all 1 < p < 00. 
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The proof of Proposition 14. 1 21 is similar to the proof of the analogous statement 
in the scalar-valued setting. For a detailed discussion in the scalar-valued setting, 
we refer the reader to |31| . We now sketch a proof in the vector- valued setting. 

Sketch of the proof of Proposition ^. 12\ We write: m(D)f = '^2 l ^{m(D)Aj)Ajf us- 
ing (|4.4j) . and we use (|4.18j) as well as the fact that the operator m(D)Aj satisfies 
the same bounds as the Littlewood-Paley projection (as in Theorem I4.10j) . More 
precisely, with Aj and Aj as in (|4.4p . we note that, for 1 < p < oo 

\\m{D)f\\ LlHv = II^M^A^/ILg^, 

3 

We use the Leibniz rule and the assumption on m to deduce that for all j: 

\Vl(m(OMO)\ < ji, V£eM"\{0}, 0<fc<n + 2. 

We note that these were the assumptions that guaranteed that we could substitute 
m(D)Aj for the Littlewood-Paley projections in Theorem 14.101 Hence, by the 
version of (|4.18[) we obtain, we know: 

By applying the upper bound in Theorem 14. 101 this expression is < ||/||z, p -h ■ I— ' 

By using Proposition 14. 121 we can deduce: 

Lemma 4.13. Let H v be a Hilbert space and let 1 < p < oo. For all multiindices 
a = (ax, . . . , a n ) with \ct\ ~ k, the following bound holds: 

\\d a f\\ L *<H v <l|A fe /!lL£«„- 

Proof. The proof follows from Proposition 14. 121 when we take m(£) = f □ 

Moreover, when p = 2, wc can use Plancherel's Theorem to deduce: 

Lemma 4.14. Suppose that k is a non-negative integer. One then obtains: 

U k f\\Liu„ < E W da fhl^- 
\ a \=k 

We note that Lemma H. 131 and Lemma T4. 141 arc important because the product 
estimates (|2~7)) . (|2~T4)) and (f2T22|) in Section [2] arc given in terms of Wd"/^*^, 
whereas the estimates in this section are given in terms of || A fe /|| i p^ ij . Furthermore, 
we note that the right-hand sides of the above mentioned estimates in Section [2] are 
given in terms of \\d a fW^-i-^^ , so in Lemma 14.141 wc only need to consider the case 
when p = 2. 

4.5. The main product estimates. In this sub-section, we prove product esti- 
mates which allow us to deduce (|2.7j) . (|2.14[) and (|2.22p . The first bound we prove 
is Lemma 14.151 which holds in the framework of general Hilbert spaces H. v and H' v 
as in Section [1~2"1 The second result is Lemma T4. 161 in which the Hilbert spaces are 
L\ and N sn . The proofs of both results are based on a case-by-case analysis in 
which one uses the functional Sobolev type inequalities from Sub-section 14.31 Wc 
have not attempted to optimize the choice of p and q, nor of the weight £' used in 
Lemma 14.161 The first product estimate we prove is: 
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Lemma 4.15. For any k G {0, 1, . . . , A} and i G {0, 1, . . . , k} there exists p, q > 2 
satisfying | + | = \ such that we have 

l|A fe -7lk«JA l ff || L£K < IMI^, ||A^/IUjk„ + ll/U^JA^II^, 

where j* =^min{/c + 1, A'}. and "H' u are Hilbert spaces as in Section ] 1.2\ 

Note clearly that by using Lemma 14.151 together with Lemma 14.131 and Lemma 
ETT41 we can directly deduce ([277]) and (j2T2"2"j) . 

Proof of Lemma \4-.15\ We prove this lemma in a series of several special cases. 
Suppose first that i — 0. Then we choose q = 2* = ^35, as in (|4.11[) . so that 

(4.21) l|A fc /!L r ^ <!|A fe+1 /l|L^. 

In this case p = n and we use (|4.13p to obtain 
(4-22) \\9\\l«w v < \\9\\ H «Z-i Wv , 

since A* — 1 > S — 1 . This then establishes Lemma 14.151 if i = and j* = fc + 1 . 
If i = and = k = K we choose q = 2 so that p = 00 and we use the embedding 

L^T-L'v D Hx"!!^ as in f)4. 13f) . Then we obtain Lemma [4.151 in this case as well. 
The cases i = k, k = and fc = 1 can both be handled similarly. 

Next we consider the case k > 2, j* = k = A and i G {1, . . . , k — 1}. In this 
situation we choose g = 2^r and p = 2-1. Since q,p > 2, we can use (|4.19|) and 
(|4.16j) with = i twice to obtain: 

l|A fc -*/ll jt «.yc*-o^]|A* flf || i «./«^ < ll^-VlU^w.llA^H^^, 

^ll/ll|^JI A "/II^J'^'^J' A "5ll|o, 2K 

< IMUfS^, l|A J '-/IU;w. + ll/llflfa^HA^slUjwi- 

Here we used Young's inequality, (|4.14[) and the fact that |7II_b ' 2 -h w ll/IU^^. 
Then, in this case, we also obtain the result. 

We suppose then in the rest of our argument that we have k € {2, . . . , A — 1} 
and i € {1, ... ,k — 1} so that always = fc + 1. This is the last case to consider 
in our proof. We first use (|4. with 2* = < g < 00 to obtain 



> 2. 



(4.23) l|A*-7lktt. < l|A fc+1 -7ll L ^ , = -x" 

Then we apply (|4TT9"|) and (|4~T()|) with = ^ to obtain: 

(4.24) l|A fc+1 -7ll L ^„ < l|A fe+1 -7ll^m £ II/II^J A * + V||^, 

where r' is obtained from the restriction — -p + 

We use (|4.19[) and (|4.16p again (switching the and 1 — 0) to obtain: 

l|A^|| W < IIA^IUo,^, < Hflll^ HA^Hlo,^,, = F ^ I , 

where 7* is obtained from - = + £. 

p r 2 
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The value of 6 is the same in both inequalities by design. For these inequalities 
to hold, from (|4.16[) and | + | = |, we require that q satisfies: 

.,„„, 2n 2q 2(k + 1) nq . 2(k + l) 

We note that the first condition is equivalent to q' > 2, which we use in order to 
apply (|4.16|) . The second condition is equivalent to | > |, and the third condition 
is A > These allow us to solve for r and r', which will then be at least 2. 

q' — 2 ' 

We claim that we can find g > 2* satisfying (|4.25[) . Supposing for the moment 
that this is the case, we obtain: 

^ll/II^IIA^/ll^llall^llA'-ffll^ 

< \\9\\ Hr „ n ,\\A j 'f\\LlH„ + Wf\\ H ^ n J\V'9\\LlH>- 

This follows by collecting the estimates in this paragraph, using the embedding 
(|4.14[) and applying Young's inequality. 

Thus we will have proven Lcmma ft.lSl as soon as we establish (|4.25p . The second 
condition in (|4.25[) is equivalent to 

2(^ + 11 
k + l — i 

The third condition in (|4.25[) is equivalent to: 

(4.26) l > {n-2){k + l)-ni 
K ' q ~ 2n(k + 1) 

If we assume that i < Il -^ L {k + 1), then (|4.26[) is equivalent to: 

2n(k + 1) 



q< 



(n- 2)(k + 1 -i) - ni' 



We can check that in this case (max < ttt-^, I , -, — ^rrt^ ) is a non- 

V I k+l — i ' n— 2 J ' [n— 2)(fe+l— l)— nl J 

empty open interval, hence we observe that we can always satisfy (|4.25|) when 
i < 1J ^{k + 1). Alternatively if i > ,J ^(k + 1) then (|4.26[) is immediately satisfied 
since the right-hand side is non-positive. □ 

An additional product estimate which we will use is as follows. 

Lemma 4.16. For any k & {0,1, ... , K} and i £ {0, 1, . . . , k} there exists p,q > 2 
satisfying | + i = ^ such that we have 

l|A*-7|| iS L»l|A7||L5^ < (\\f\\ H ^ Nr + W^'f\\H-Li) E HA m /IU|iv^, 

j,<m<K 

where j* = min{A:-|-l, K} and we suppose that I 1 > £' , where f is defined in (|1.31|) . 

By using Lemma f4.16l together with the results of Lcmma l4.13l and Lemma f4. 141 
we can directly deduce (|2. 141) . 
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Proof of Lemma \4-16\ We first prove this inequality for the hard potentials (|1.8jl , 
when 7 + 2s > 0. In this case we have: < I/Il 2 + , < |/|iv*>7. Hence: 

||A fe -7IL Si?+ J|A7lkjv*.7 < l|A fc - i /|| i , Ars „||A7|| iS Ar s „ 
We then use Lemma T4. 151 to deduce this expression is: 

<\\f\\ H ^ N ,J^'f\\L lN ^ 

Hence, the claim follows in the case of hard potentials if we take £' > 0. 

Thus the rest of this proof is focused on the soft potential case of (|1.9|) . when 
7 + 2s < 0. We again prove it in a series of special cases. Consider when i = k 
and j„ = k = K. In this situation choose p = 2 and q = oo, and use the functional 
Sobolev embedding L^L^ D Hx"L% as in (|4.13[) . In this case the lemma holds for 
any £' > 0. If alternatively i = k and j„ =Hlwe choose p = 2* = and q = n 
and use the same estimates as in (|4.21[) and (|4.22[) (we again only need I' > 0). Of 
course the case k = is also covered by this aforementioned analysis. 

Next we turn to the case when i = and j* = k = K . In this situation we must 
choose q = 2 and p = oo. By interpolation 

(4.27) \\A k fhm < l|A fc /||| 2L2+ . 3 Ih^^AVHkL, 

^7 + 2s a, u 

which holds for any G (0,1). In order to prove (|4.27j) . we note that: 

|A fc /| L . - \\wTA k ff\w^A k f\ 1 -e\ Li < \wf A k f\%\w^A k f\ 1 Ll 8 , 

by Holder's inequality. We then apply Holder's inequality in x and we further 
choose a = f to obtain (l4~2"71) . 

On the other hand, we use (|4.10[) (with and 1 — reversed) to obtain: 



II/IIl^<||a'"7||W, 7 ||a^/|| 



LlN>>"f 



for appropriate m! and 0'. Now from (|4. 10[) since i = 0, j* = k = K and p = oo 
we have 6 1 ' = g _ 2 , . Furthermore always if > ^ so that we choose to' = 0. Hence, 
the condition to' ^ j'*, which is an assumption in order to use (|4.10[) is satisfied. 
Moreover, we note that & = 2f=^ e (o, 1). Thus, we just choose 6 = 9' e (0, 1). 

By using the bounds in the previous two paragraphs, and Young's inequality, it 
follow that the contribution from this case is: 

l|A fc /|U^||/IU~iv... < \\w(^^A k f\\ LlL *\\Ai'f\\ LiN ,,y 



+ \\AJ*f\\ LlL?+ Jf\\ LlN ^ 

< 



J T + 2s 

I --,-2, \ g 
A 2 /JZg 



-"f\\H- Li + 11/11^^,, )\\V*fhlN^, 



provided that I' > 0. Finally, we note that we have to take: 

(4.28) e , > (-,-2 S )^ = \ 2±M (2K-n 
y 2 i-6> 2 V n 

This condition contributes to the size of the weight in (|1.31|) 
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Suppose next that i = and j* = k + 1. Then we choose g = 2* = ^2 7 use 
(14.211) and interpolation (as in (|4.27[) with k replaced by k + 1) to achieve that: 

l|A fe /IU ri j < ||A* +1 /IU 5 i S < Ih^^A^Vlli^llA^ 1 /! 
For the other term we use (I4.10p (since K > 2K*) to deduce: 

\\f\\L2N*n <\\f\\t i „.«\\A K f\fe* r .„. 

Now from (|4.10[) since i — and p = n we have 0' = - G (0, 1). We now 

choose 9 = 9'. By using the obtained bounds, Young's inequality, the fact that 
j* = k + 1 < AT, and arguing as earlier, we obtain that, since > 

l|A fc /L rLS ||/|| LSJVS „ < ||/|U i j V ..-,||A J '-/|| £ j Ar .„ 

+ \\ w (^^A k + 1 f\\ L 2 Ll \\A K f\\ LiN sn 
< (\\f\\ H «l N . r + \\w^^f\\ H « Ll ) £ HA"7lk^. 

V ' j,<m<K 

The term coming from this contribution satisfies the required bound provided that: 

-7 - 2s 9 -7 - 2s 2K - n + 2 -7 - 2s / 2A 
4.29 £' > —!- = = —4 = —4 - 1 

We note that the case k = 1 is covered by the previous arguments. 

Now we consider the case when k > 2, i <E {1, . . . , k — 1} with J* = k = K. Take 
q = and (9 = We use (|4~T5|) , (jiTB|) and then (gjlT) to obtain 

||A^7ll L -/(-, L , < IIA^/II^.^. < ll/II^IIA^/H^ 

= ll/II^JIA^/lli^ < ll/II^JI^^^A^/Hg-f l|A K /lli|^ +28 . 
Here again 6* <E (0,1) is arbitrary. 

Furthermore, p = ^j- and, for 9' = — — 2 ^ R K '- — -, we use (|4.10l) to obtain 

l|AVII L «A JV .„<ll/ll^i V ..Tl|A jr /||i7^. 
Combining the previous estimates, it follows that: 

HA^-Vll^/^-^JAVll^/^,, 

< ll/II^Jk^^A^/||^||A^/||i!, 2 ||/||£*.„||A*/|fe* iTI 

n J_ 

1 K 

(1 — 9') + 99 = 1, it follows that the above product is: 

■ -y-2s \ s 

Here, we used Young's inequality and (|4.14p . Note that K > ^ (-^p) + i since 

nj_ 

2 K 



Since 9 > 9' , we can choose 6* = 4- = 1 — §-4 € (0, 1). By the condition that 

rodin 

< ||A*/|U;*..,(||/||^. + \\w(^^ A Kf hlLl + \\f\\ LlNa „). 



Tf-k < 1. As before, we deduce that £' has to satisfy the bound: 



-7 - 2s 9 -7 - 2s / 2 
4.30 g > —4 = = — ^ I —A' — 1 

This completes the our estimate in this case. 
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Notice the only case remaining is when i £ {1, . . . , k— 1} with k £ {2, . . . , K— 1}. 
Let us first consider the subcase when: 

(4.31) k + l ^l- 

Notice that (|4.31[) covers all the remaining cases when n < 6. 

The first step now is to use (|4.23j) and (|4.24l) with H v = L 2 V to deduce: 

l|A fc -7IU Si? < HA^-VH^ < ll/ll|o ;2L? ||A fe+1 /||^ 2i; , 
whenever a > = 2*, a 1 = -2f*_ > 2, r' > 2 are such that for 6 = tttt, one has: 

(4.32) 1 ^ k + 1 ^ 



q> r> 2 r'(fc + l) 2(Jfe + l) 

Let us suppose for now that we can find such a g and r' . Then, by doing an 
interpolation similar to (|4.27|l we obtain that the previous upper bound is 

for any 9 G (0, 1). At the same time we use (|4.10p to deduce that for p > 2: 

l|A i /llL SJV ..-r<||/|li^||A fc+1 /lli' 5 ^> 

for 

- — - + i 

(4.33) 0' = 

provided that 9' £ (0, 1). We will choose «e (0, 1), such that 1 - 0' = (1 - 9)9. 
This is possible whenever 1 — 9' < 1 — 6 or equivalcntly 9' > 9 which is automatic, 
provided p > 2. 

We suppose that we can choose q £ [2*, oo), r' > 2 satisfying (|4.32j) . Then, since 
q £ (2,oo), we can find p > 2 such that - + | = |. Furthermore, we suppose 
that 0' from (|4. 33[) belongs to (0, 1). Under these assumptions, we can use Young's 
inequality and argue as before to deduce that the given contribution is: 



I A*-VIU S X2 II AV||iSj>r--» < \\f\\ H ?i L J A* +1 /IU;*-.-» 

,(^)T^ A ^f\\ LlL , + \\f\\ LiNan ) \\A k+1 f\\_ 

where we used (|4.14|) for the first term. We must choose 



(4.34) i'> 7 



2 1-9 

Then this term satisfies the desired bound. 

We now choose r' for which all of the assumptions will be satisfied. If we take 
r' = f n, from (|4.32|) , we deduce that: q 1 £ (2,n). Consequently, g = ^7 > 2* > 2 
and g is finite. Thus, we can choose p £ (2, 00) such that i + ^ = |. We now 
explicitly compute ^ from (|4.32[) and the fact that | = ^7 — ^: 

l_e 1-6* 1 i fc + 1 - i 1 _ / 1 1 

■ 5 ' q ~ n + ~ n ~ n(k + 1) + 2{k + 1) ~ n ~ 1^2 ~ ra 
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We substitute the middle expression into (|4.33|) and use | — ^ = ^ to deduce: 



2 p q 

l\ — 1 -L i 

k+1 T 2 V fe+1 



k + 1 

Since i > 1, it follows that 0' > 0. To check that 6*' < 1, it suffices to show 

n (k + 1 

- 1 + i < k + 1. 



fc + 1 2 V fc+1 
which is equivalent to: 

n ( 1 n \ 

(4 - 36) 2 + \—i-WTi) +l )- l<k + l - 

By assumption (|4.31[) . it follows that — 2prj?n + 1 > 0. Hence, we need to 
verify (j4.36[) when i = k — 1. In this case, the condition is equivalent to 2k + 4 > n 
which holds by (|4~3Tj) . 

In order to find the precise value for the lower bound for £' in ()4.34j) , we need to 
compute 8 explicitly. In order to do this, using (|4.35j) . we have 

. 1-6' k+l-i-^^(^-l) _ n (1 1 



1 



1-9 k + l-i k + 1 V 2 n 

From here, it follows that: 

_ i-khih-B _ 2(* + i) 1< 2K i 



Consequently, in (|4.34p , we can take: 

-7 - 2s / 2JST 



(4.37) f > 



n-2 



This grants the desired bound under (14.381) . 

We now consider the second subcase (and the last case) when 

(4.38) k < \ - 1. 

Notice that this case is only needed when n > 6. Also recall that i E {1, . . . ,k — 1} 
with k € {2, . . . , K — 1}. In the following we recall that j from (|1.29[) is the largest 
integer which is strictly less than ||. Let us take q > n ^j - We note that for even 

n, j = — 1 = and, for odd n, j = ^ — 1 = ,J +r-- Consequently, the above 
condition on q becomes: 



(4.39) q > 



2n for n odd, 
n for n even. 



We use gTU), flUTJ} and IgUBjl with g' = and = ^ to deduce that: 

We note that q' > 2 since q > 2n ~ , and r > 2 is obtained from the relation 

n—2j 

4 _ 1 1-6 
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By using (|4.14j) . and an interpolation similar to (|4.27|) . we obtain that the above 
expression is 

< ii/ii^ w ik ( ^ )A A^/iiS5 (1 -*iiA^/ii£-5' , 

tlx xv x 7 + 2s 

for any 9 £ (0, 1). Simultaneously we use (|4.10j) to obtain that for p > 2 we have 

— — — + i 

(4.40) HAVIUsiv.-r < ||/||^.. 7 ||A fc+ VII&i V ..-r ) 0' 



k + j 



We want to choose 1 — 9' = 9(1 — 6) which requires that 1 — 6' < 1 — 6 or equivalcntly 
6' > 9, which follows if we take p > 2. Finally, given q S [ —, 1 ~ , oo) as before, we 

71 ZJ 

can find p > 2 such that - + - = 2. 

For such a pair (p, q) and for 9' as defined in ()4.40|) . we can see that 9' G (0, 1). 
Indeed since p > 2, it follows that 9' > 0. On the other hand, in order to check 

— 4-i 

that 9' = -f — t < 1, since i < k — 1, we must observe that 

k+j — 

71 ~ 

(4.41) - + (k - 1) < k + j. 

q 

From (fL29]l . then (|4~4l) holds if g > n/\n/2], which is always the case by (J4~39]) . 
By using the previous estimates, and arguing similarly as before, we obtain 

||A*-Vlkz ? l|AVIk^ 



< (\\f\\ H ^ L 2 + lk ( ^ )A A fc +V|U^ + \\f\\ LiN s,^ \\A h+] f\ 



LIN'<1- 



Because of |438|) . i[L29]l . and if > 2 A'* = 2|_f + lj, it follows that k + j < K. 
Hence, we are done if we have (|4.34j) with 9 as given in this part. 
As before, we compute 9 explicitly: 

7+* 



1 



i-« i-^j <r(*+i-0 

Therefore, using (|4.38[) . (|4.39f) and (jl.29[) . we can choose q = n for odd n and we 
deduce: 

-^-= = l{k + j-i)-l = {k+ [n/2] _ i - l) - l < 2 + [ n /2] - 3. 

For even n, we take q = 2n and we deduce that: 
a 

= 2(k+ [n/2] - i-l)-l<n + 2 [n/2] - 7. 



1 - 



Recall that in this case, n > 6. Hence, we recall the definition of £q in (|1.27p and 
deduce that in this case, we need to take: 

(4.42) £' > —Ll3lgd m 

By using (jl^g]) . g23), (|S30]) . ([Q7]) . gH|, and the definition of 1' in (fOT]) . the 
lemma now follows. □ 
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5. Linear decay in Besov spaces 

For the linearized Boltzmann equation (|1.10j) . by dropping the non-linear term 
we obtain the Cauchy problem for the linear Boltzmann equation (|3.25p when g = 0: 

(5.1) D t f + Bf = 0, f(p,x,v) = f (x,v), B= f vV x + L. 

Then as in (|3 . 27[) we can represent solutions to (|5.1|) with the solution operator: 

(5.2) f(t)=A(t)f , A(t) d ^e- tB . 

In this section we will establish the large time decay rates for the linear Boltz- 
mann equation (|5.1|) . In the first part of this section, we obtain Besov space decay 
estimates for general initial data belonging to an appropriate Besov space. 

In the second part of this section, we study the hard potential case (|1.8[) and we 
obtain improved decay estimates for initial data which belongs to an appropriate 
Besov space, but which is also microscopic. We will see that, in this case, we obtain 
an additional decay factor of t~ 3 . The key to obtaining the additional decay will 
be a detailed understanding the spectral properties of the Fourier transform of the 
linearized Boltzmann operator for small frequencies. Our analysis of these spectral 
properties is motivated by the work of Ellis and Pinsky [IT] . 

5.1. Linear decay rates in Besov spaces. We are interested in obtaining decay 
estimates for the general linear problem (15,11) . 

Theorem 5.1. Suppose that m, g € R with in + g > 0, 1 < p < oo and £ € M. 
Smooth solutions to (|5.1[) satisfy, uniform in t > 0, the large time decay estimate 



\\ w *A(t)f \\z T ,* Ll < \\ w ^h\\ B ^ LlnB -^ Ll {i+t)-^y\ 

This holds if \\w l+<J fo\\ B m - V L 2 nB~ e -°° L 2 ^ 00 ■ Now for the soft potentials (|1.9|) we 
need a > — (m + g)("f + 2,s), and for the hard potentials (|1.8|) we can take a = 0. 

To prove Theorem l5.1[ we will use the following Lyapunov functional constructed 
in [251 Theorem 2.3]: 

Theorem 5.2. Fix £ £ M. Let f(t,x,v) be the solution to the Cauchy problem 
(|5.1[) . Then there is a weighted time-frequency functional £i{t,^) such that 

(5-3) £ e (t,0^\w e f(t,0\ 2 Ll , 
where for any t > and £ € ffi™ we have 

(5.4) dMt,0 + \{lA\e)\w e f(t 7 0\l 2 <0. 

~f + 2s 

We use the notation 1 A |£| 2 =^min{l, |£| 2 }. 

Proof of Theorem \5.1\ Using Theorem 15.21 as in [25l Eqn (2.21)], we have 

(5.5) £,(a)<e- A ( 1A l«l 2 )^(cU). 



The bound (|5 .5[) only holds for the hard-potentials (|1.8[) . For the soft-potentials 
()1.9|) . it follows from (25j just below eqn (2.21)] that we have the estimate 



(5.6) £t{t,0< r( 1A| * 12 ) + i) W((U). 
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This estimate (|5.6[) holds for any a > with a' = —(7(7 + 2s) > 0. Now because of 
the degeneracy of the soft potentials in ()1.9|) . the upper bound (|5.6p loses a weight 
of order a' on the initial data. Alternatively, the hard potential case (|1.8[) does not 
lose a weight on the initial data in the time- frequency estimate (|5.5l) l'i 

In the following we will prove Theorem 15.11 for the soft potential (|1.9[) case of 
(|5.6j) . However notice that the hard potential (jl.8j) estimate (|5.5|) is better than 
(|5.6j) . Thus the proof below will clearly apply in both situations. 

We now recall the smooth function ipj(£) which is supported on |£| w 2 J from 
Section W72\ Then multiplying (|5.6p by <^j(£) anc > integrating over £ £ we obtain 
from (15.61). (15.31) and the Planchercl theorem that 



(5.7) \\w\A 3 f){t)\\ L%Ll < -i ^ + 1 ||^A 3 -/o|U ;iJ . 



If j > 0, we conclude from f|5.7[) . for any a > 0, that 

(2^||^(A J -/)(t)|| i|i? ) < (i + l)- a/2 (2™^||^+ CT 'A J / |U SL j) . 
If j < 0, we alternatively conclude from (|5 . T[) that 
(2^||^(A i /)(t)|| i j i? ) 

< (^) (m+e) ((v^f + l)"'" H^'/oll^,, 

We complete our proof of Theorem 15.11 by taking the norm of both sides of the 
last two inequalities. In particular we notice that for a > (to + g) then 

(y&y m+e) ((yiz>y+i\ 



for any p6 [1, 00] and the upper bound does not depend upon t > 0. □ 

5.2. Faster Linear Decay rates. If we assume that the initial data is microscopic 
as in (|1.13[) and (|3.28j) , we will see that it is possible to obtain a better decay bound 
in the linear problem. From the analysis, we will see that the key to using the 
additional information is to understand the behavior of the degenerate macroscopic 
part of the solution in the low spatial frequency regime. As a result of a precise 
analysis of the spectral properties of this operator, given by Proposition l5.3l we can 
obtain an additional factor of the frequency (c.f. the factor k in (|5.11|) ). which will 
result in a better estimate. The arguments in this subsection are restricted to the 
hard potential case (|1.8[) due to the degeneracy of the operators needed in order to 
obtain the spectral decomposition (c.f. (|5.16[) ). 

Given £ £ R™, let us look at the following operator: 

(5.9) B(f) = 27m; -£ + L. 

We define n == |£|, and, assuming £ 7^ 0, we let u = f 4r. We will prove the following 

fact about the eigenvalues of B(£) for £ sufficiently close to zero. 

Proposition 5.3. There exists kq > and smooth radial functions Xj = Aj(£) 
such that G C*°°({£ e E n , < |£| < n }) for j = 1, . . . , n + 2 and 



^Notice the changing of the definition of the weight ui in l|1.22ll from [25] 
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i) Every Aj(£) is an eigenvalue o/B(£). 

ii) The A^(£) have the asymptotic expansion: 

(5.10) = i\f } K + \f ] K 2 + 0(k 3 ), asu^O. 

Here \f ) G K and A? ) > 0. 

iii) Let us denote by Pj(£) i«e eigenprojection corresponding to the eigenvalue 
Aj(£). Then, assuming that kq > |£| > 0, one has: 

(5.11) p i (0 = pfH + ^f ) (0 

and the eigenvalues Aj(£) are semisimple, in the sense that they don't give 
rise to a generalized eigenspace. 

Moreover, P^- are orthogonal projections on L 2 V which satisfy: 

n+2 

(5.12) P = E P f M- 

i=i 

Finally, the P^- (£) are uniformly bounded on L 2 for |£| < Kg. 

Let us point out that this type of result was first established by Ellis and Pinsky 
(TT) in the setting of cut-off hard spheres. As we will see, their result also holds in 
the case of the non cut-off hard potential Boltzmann equation. 

Let us first give an outline of the argument to obtain the existence of the eigen- 
values. We would like to solve the eigenvalue equation 

(5.13) (B(£) -X)(f)= (2-rnv ■ £ + L - \)<j> = 0. 
We add to f|5 . 13[) the macroscopic projection P as 

(5.14) (B(O+P-A)<£ = P0. 

We notice that the operator L + P is coercive. Then for sufficiently small A and |£| 
the operator B(£) + P — A is invertible with bounded inverse. In order to obtain 
the invertibility, let us note that by (|1.17[) , and the fact that 7 + 2s > 0: 

Re ((%) + P A)/, /) = Re ((L + P- A)/, /) 

>q{I-P}/|^. T + |P/|i ? _-i?eA|/|i, 

> C\{I - P}/||j + |P/|i ; - Re\\f\ 2 Ll >(C- Re\)\f\ 2 Ll > C^, 

for some C% > if Re A < <5 for S > sufficiently small. In particular, the latter 
condition holds if A is sufficiently close to zero. Let us henceforth fix A satisfying 
this condition in order to obtain invertibility of the operator B(£) + P — A. Let us 
suppose that (B(£) + P — A)/ = g. By taking L 2 inner products with / and then 
taking real parts, it follows from the above noted coercivity property that 

(5-15) I/U 3 <I(b(0+p-a)/| l; . 

We can hence rewrite (|5 . 14[) as 

(5.16) 0= (B(£)+P-A) Pcf). 
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This equation (|5.16[) says that if we know the n + 2 coefficients of P(j> then we can 
calculate <f> itself. Thus we take P of both sides of (|5.16j) to obtain 

(5.17) P0 = P (B(£)+P-A) P0. 

This grants a system of n + 2 equations with n + 2 unknowns, the macroscopic 
components (|1.14| . with parameter A. One now expands out this system of equa- 
tions and does a comparison of coefficients of the velocity basis vectors to obtain 
the exact form of this system for the macroscopic components from (|1.14[) . 

Note that when A = |£| = the system (|5.17p has an exact solution for any 
element of N(L). These are all of the solutions. One therefore studies the expanded 
system (|5.17p for A and |£| close to zero, and tries to prove the existence of a branch 
of A(|£|) for |£| near zero such that the system (|5.17|) has non-trivial solutions. 

More precisely, we can find ip G N(L) satisfying (|5.17[) . Then, with P 1 = I — P, 
we define ip 1 to be 

(5.18) V 1 =P 1 (§(0+P- A) V- 

And we take 4> == V* + V' 1 • From (|5.17p and (|5 . 18[) . and the fact that Pip = tp, and 
PV = V 1 , it will follow that <p solves IpTlS]) 

Proof of Proposition \5.3[ Wc organize the proof in two parts, both parts gener- 
ally follow [IT] . The first part is devoted to the existence of the eigenvalues their 
smoothness in k. The second part looks at their additional properties. 

Part 1: Existence of the eigenvalues and their smoothness properties. 
We start by solving (|5.17l) . We write 

n+l 

(5.19) P0 = ^C iXi , 

for some (Co, C, C n+ \) e R n+2 with C — (Ci, ...,C n ). We use the notation 

Xo = y/ji, Xi=Vj\/Ji (i= l,...,n), and Xn+i = — ^={\ v \ 2 ~ n)yfji, 

\/2n 

similar to (fTTT3|) . We then substitute (f57T9|) into ((5T7)) . Wc also define 

*(A,0 d = f P(B(0 + P-A)- x . 

We take L\ inner products of the result with the Xj to obtain an equivalent system 
for (C ,C,C n+1 ): 

n+l 

C j =J2 C ^( X '0Xk,Xj), Ci = o,...,n+i). 

fc=0 

In the u integration of the inner product above we apply the rotation O for which 
0'£ = ftei for ei = (1, 0, . . . , 0), and use the symmetries of this system to deduce 
that it is equivalent to the following: 

(5.20) C = C (^(X,K)xo,Xo) + (C-^)(^X,K)xi,Xo} + C n+1 (^(X,K)xn+i,Xo}- 
Also, for 1 < j < n, we have 



(5.21) Cj = u)jCo(<&(\, k)xo,Xi) + [Cj ~ (C ■ u))u)j](<&(\, k)X2,X2) 

+ ujj(C ■ w)($(A, k)xi,Xi) + w i C„ +1 ($(A, n)xn+i, Xi)- 
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And lastly 

(5.22) C n+1 = C ($(A, K) X o,Xn+i) + (C • w)($(A, /s)xi, 

+ C n+ i($(A,K)Xn+l,Xn+l>, 



where $(A, /«) = $(A, /cei). 

Let us now multiply the j'-th equation in (|5.2ip by u>j, sum in j, use the fact 
that to £ S n_1 , and (vj«JJi,Vjy/Ji) = (vi^/Jl,viy/JI) = 1 to deduce that 

(5.23) (C ■ w) = C ($(A, «) Xo , X i) + (C ■ w)($(A, k)Xi,Xi) 

+ C n+ i(#(A,/«)Xn+l,Xl}. 



For j = l,...,n, we can now multiply (|5.23|) by Wj and subtract from the corre- 
sponding equation in (|5.21l) to obtain: 



(5.24) 



(C'j - (C ■ w)w 3 -)((*(A, «) - I)X2,X2> = 0. 



Here, we also used that for all j, (vj^/JI,Vjy/jI) = (t^y^/I, V2v/£t) — 1. Wc now 
observe that (pT2"Tj) holds if and only if (j5~2l?)) and (|5T2"4]) both hold. 

Our goal now is to simultaneously solve (|5.20[) . f|5.22[) . (|5.23[) . and (|5.24p . Hence, 
we have reduced a system of n + 2 equations to a system of three equations and 
an additional scalar equation. Let us observe that we can view (|5.20j) . (|5.22j) and 
(|5.23jl as a system for the unknowns Co, (C ■ uj), C n +i £ WL. We consider separately 
the cases when this system has a non-trivial solution or not. 

Case 1: The system for Co, (C ■ w),C n +i has a nontrivial solution: We 
observe that there exists a non-trivial solution (Co, (C • w),C„+i) £ R 3 to this 
system when: 



D(X,k) 



dv($(\,K)-l) 



XoXo XlXO Xn+lXO 
XoXi XlXl Xn+lXl 
v X0Xn+l XlXn+1 Xn+lXn+1, 



In the expression above the operator J Rn dv ($(A, k) — /) acts on each element of 
the 3x3 matrix individually. Let us observe that D(0, 0) = 0, and furthermore all 
of the entries of the matrix for (A, k) = (0, 0) are equal to zero, so we obtain a zero 
of order three at the origin. Wc then define the function: 



G(z, k) = —D(zk, k). 

K 



We want to see what is lim K _>.o G(z, k). 

We can extend G(z, n) to a smooth function at k = by defining^ 



dv — | k=0 $(zk, k) 
an 



XoXo XlXO Xn+lXO 
XoXi XlXl Xn+lXl 
lX0Xn+l XlXn+1 Xn+lXn+1, 



*Here, we are implicitly using that $(0, 0) = (L + P) 1 is the identity when restricted to N(L). 
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Furthermore we have: -£:\ k=0 ^{zk, k) = -P [(L + P)~ 1 (2mv 1 - z)(L + P)- 1 ] . Then 
by a standard calculation we can compute that 



G(z,0) 



z 

2?ri 




-27ri 

z 

-27ri(x n +i,wiXi) 





-2iri(Xn+i,ViXi) 
z 



(z s -z(r, 2 1+ vl)) 



where 771 = -27ri and ?y 2 = f -2ni(x n +i, «iXi) 



G(z,0) = if and only if z 
G'(z,0) = + r)l) ^ and for z 

def 



In particular, we obtain that 
0. we note that 



7?2- Moreover, for z 

j]l +77I, it follows that G'(z,0) = 

-~ - f - /-2 _l „2 



2(?7i + vi) 7^ 0. Let Z! =* — + rj%, z 2 = 0, z 3 =' y^f + Therefore, we can 
use the Implicit Function Theorem to deduce that, for all 1 < j < 3, there exists 
an open neighborhood Vj of and a unique smooth function Q on Vj such that 



G(Cj (k), k) = for all k eVj and such that Ci(0) 



For 1 < j < 3, we then take 



Aj(£) = kQ(k). Hence, we have obtained three zeros of D(-,k), for k sufficiently 
close to the origin. By construction, these zeros are smooth radial functions. We 
now observe that there are no other zeros. 

By another rescaling argument, we note that: D(X, 0) = X 3 H(X). We use that 
2f.\t=o(L + P t)^ 1 = (L + P) -2 and argue as before to deduce that: 



H(0) = 



dv 



X0X0 
X0X1 

\X0Xn+l 



X1X0 
X1X1 

XlXn+l 



Xn+lXO 
Xn+lXl 
Xn+lXn+1. 



= 1^0. 



Now, for fixed k sufficiently close to zero, we look at the holomorphic map A 1— > 
D(X,k). We note that when A traverses a small circle C centered at the origin, 
then _D(A,0) goes around the origin three times. For k sufficiently small, the same 
property will hold for D(X,n). Hence, by applying the Argument Principle, we 
deduce that D(X, n) has exactly three roots for k sufficiently small. It follows, as 
in that the eigenvalues Xj(n) for j = 1, 2, 3 are semisimple, i.e. they don't give 
rise to a generalized cigcnspace. 

We now construct the appropriate cigcnfunctions e J (k); j = I, 2, 3. The first fact 
to note is that we can choose Ci(n), (C-uj)(k). C n +i(fv) to depend smoothly on k by 
the process of Gaussian Elimination. More precisely, the entries of the reduced row 
echelon form of the matrix of the system for Co, C ■ uj, C„+i will depend smoothly 
on k, hence we can choose elements of the nullspacc in a smooth way. We find 
Cj = Cj(n) for j = I, . . . , n by: Cj = f (C • In this way, (|5.24[) is also satisfied. 

Finally, we substitute Co, (C ■ u>), C n +i into (|5.I9[) and we then obtain cj) from 
(|5.f 6j) . The dependence on n will then be smooth. 

Case 2: The system for Co, (C • w), C n +i has no nontrivial solution: In 
this case, we can only take Co = (C ■ u) — C n +\ = 0. Although we require that 
C = (Ci,...,C n ) 7^ 0. Consequently, we obtain n — 1 degrees of freedom for 
choosing C. The only constraint we now have to satisfy is (|5.24|) . 

We satisfy (|5.24[) this by choosing A = A(k) such that: 



(5.25) 



ZVA,k) = ((i>(A, K )-/)x2,X2> =0. 
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As in the previous case, we rescale to define: 

Go(z, k) = f -D (zk, k), 

K 

and we compute: 

■£-\ K=0 D (z, k) = (—(L + P)- 1 (2mv 1 - z)(L + P)"^, Xa) 

= (-(L + P)- 1 (27TV 1 - Z)X2,X2) =Z{ X 2,X2) =Z. 

Hence, similarly as before, we take: Gq(z,0) = f z. We note that Go (0,0) = and 
-pGo(-,0) =1^0. Hence, by the Implicit Function Theorem, it follows that we 
can find a neighborhood U C R of the origin and ( € C°°(U) such that £(0) = 

and Gq(C( k ), K ) = for all n <E U. We can then take \(k) == k£(k). This will 
be the only solution of (|5.25[) for k sufficiently close to zero. Let us now choose 
G^ e R"; j = 4, . . . , n + 2, linearly independent such that G^ • w = 0. (The G^ 
don't depend on /c). From ()5.16j) . we find eigenvectors e®(^) (j = 4, . . . , n + 2) by: 

e«(e) = (B(f) + P A(|e|))" 1 (G« ■ 

The are then smooth radial functions as well, so we can write e^(K) instead 
of eC*>(f). In this way, we obtain ann-1 dimensional cigcnspacc. We need to 
check that there is no generalized eigenspace, i.e. that the eigenvalue X(k) = k((k) 
is semisimple. It suffices to show that we can normalize the e^-* such that for all 
j, k = 4, . . . , n + 2, one has: 

(5.26) (eCtf(-«), e C fc )(«)> = a 3 - fc . 

In order to do this, we argue similarly as in the previous case to deduce that: 

A>(A,k) = D (\, -it) = A)(A, k). 

In particular, we observe that A(k) = A(— k) = A(k), so that A is a real and even 
function. We use this observation to compute: 

( e W(_«) )e W(«)) 

= ([B(-Kei) + P - A(- K )]" 1 (G^' • vrfT), [B( Kei ) + P Afc)]" 1 ^ • «Vm)> 

= (G« • Vm, [B(«ci) + P - A( K )]- 2 (G« • VM)>: 

which by symmetry equals: 

- E<C (i) ■ wVA*, [B(fce^) + P - A( K )]- 2 (C« ■ Wv ^)>, 
where eg £ R" is the ^-th canonical unit vector. By symmetry arguments again: 

1 — 2 n 

-(Xi, (B(«eO + P A(«)) xi) E Cfcf >. 

+ (n - 1)(X2, (§> ei ) + P A(«)) X2> £ C^C^. 

£=1 

By orthogonality of the C^ m ' , it follows that the above expression is zero for j ^ k. 
Furthermore, since the (e {j Hn)) and (e^ (-«;)) span the same space, it follows that 
we can indeed normalize the vectors e^' to satisfy the condition (|5.26|) . 
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Part 2: Additional properties of the eigenvalues: We have established the 
existence and smoothness of the eigenvalues and of the eigenvectors above. Now 
once we have the invertibility of L away from iV(L)-which follows from (!1.17|) -one 
can use [TTJ Section 4] to establish the additional properties in Proposition 15.31 

We note that P^\uj) from Proposition 15.31 is in N(L). We furthermore notice 

that wc can split Pf 5 (£) from Proposition EH as Pf\t) = Pf A) (0 + Pf' 2) (f) 

where Pj (£) maps into N(L) and P^ 1 ' 2 ^) i s orthogonal to N(L). Again 

Pj(0 == P^\uj) + KPj(£) is the eigenprojection corresponding to the eigenvalue 

Aj(£) of B(f), where P$ 0) (0, Pf } (0. Pf'^CO and P?' 2) (£) are bounded on L 2 ,, 
with uniformly bounded operator norm when |£| is sufhciently small. □ 

The following lemma will be useful in proving the additional decay. 
Lemma 5.4. If we choose k sufficiently small, then there exists C > such that 

n+2 

Y,\ p j(0f\h>c\pf\ 2 Ll . 

3=1 

Proof. We notice that by construction, as in [11], we have 

(5.27) Pf' 1) (0P/ = P5 1 ' 1) (0/> 

and additionally P x Pf '^(^ = and PPj 1,2) (£) = 0. Hence for C X ,C 2 > 0: 

|P 3 -(0/li» = |PiH/ + «p5 1,x) (0/li» +« 2 |p? ,2) (0/li» 

>C 1 |P°(o;)/|| ? -C 2K 2 |pf' 1) (0/|!3 

= C 1 |P°( W )/|i5-C 2 « a |Pf 1) (OP/|i;. 

The final equality follows from (|5.27|) . 

By Proposition 15.31 it follows that the P^ 1 ' 1 '^) are uniformly bounded on I? v 
for |£| sufficiently small, hence it follows that, for some C3 > 

(5.28) \pmn% > ciip?H/ii, - c 3 « 2 |p/ii s . 

We now sum (|5.28[) in j = 1, . . . , n + 2 to deduce that 

n+2 n+2 

E i p i(0/li ? > ci £ l p °M/i£» - ^ + i)k 2 |p/h ? 
3=1 3=1 

> Ci|P/||, - C 3 (n + 1> 2 |P/|!j > C|P/| 2 j, 
where we have used Proposition 15.31 and chosen /c > sufficiently small. □ 

The next result establishes a relevant orthogonality property of B(£) 

Lemma 5.5. Given j = 1, . . . , n + 2 and Pj(£), Aj •(£) as m Proposition \5.3\ there 
exists Rj(£) such that B(£) = (£)Pj (£) + and P^iJj^)* = 0. 

Pnoo/. Wc define =/§(£) - A^P^). Then since B(£)Pi(0 = A^P^) 

we have that i? J (^)P J (^) = or taking adjoints Pj^Rj^)* =0. □ 
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As we will see, the above result will be useful when we want to separately study 
the evolution of each eigencomponent in time. In the end, we will obtain decay 
estimates coming from the precise asymptotics of the eigenvalues given by (|5.10[) in 
Proposition 15.31 Putting all of these components together will allow us to obtain 
good decay estimates by using Lemma 15.41 We have 



Theorem 5.6. Suppose that the initial condition fo in (|5.1|) satisfies (|3 .28[) and 
that we are in the hard potential case (|1.8[) . Let ra, g € R with m+g > 0, 2 < p < oo 
and £ > 0. Then smooth solutions to (|5.1|) satisfy the large time decay estimate 

\\ w e A(t)M\z T , PLl < \\w i M B ^ LlnB -^ Ll ^+tr (m+e+1) ' 2 - 

This holds uniformly in t > if \\ w fo\\ B m, P L ^ nB - e ,c X , L2 < oo. 



Notice that Theorem 15.61 is more general than and directly implies Proposition 
from Section [3] This follows from the definitions in Section |4] if we take p = 2. 



Proof. We will prove Theorem 15.61 in three steps. In the first step, we study the 
case when |£| > kq for any small kq > 0. In the second step we use the eigenvalue 
decomposition of B from (|5.1[) on |£| < kq for a small kq > as in Proposition 15.31 
to obtain the decay of the macroscopic part of the solution. Then in the last step 
we use an estimate from |25j to prove the decay of the microscopic part. 

Wc recall the method used in the proof of Theorem [521 To begin, we notice that 
from (15.51) we have that 



(5.29) \\w e (A k f)(t)\\ LlLl < e-^^'llt^Afc/olUs^. 

Given kq > small choose M > such that 2 2fc > kq whenever k > —M. Define 

C k d = f ||^(A fc /)(t)|| £ ; £3 , IMI,^ = ( \ C *\ P ) > 1 ^ P < °°> 

\k>-AI J 

with an obvious modification when p — oo. Then from (j5 .29(1 and the above we 
deduce that 

(5-30) ||2 mfe c fc ||^_ M < (l + t)" 3 ' /a |l^/o||^.^. 

This will hold for any j > 0. 

For the second step, let us consider the Fourier transform of the problem (|5.1| : 

(5.31) d t f + Bf = 0, f(0,x,v) = f (x,v). 

Here we recall (|5.9p . We apply the Littlewood-Paley Projection to obtain: 

(5.32) d t ATf + BAT/ = 0, ATf{0,x,v)^AkJ Q (x,v). 
Wc will further take the complex conjugate of (|5.32j) . use that 



B = B*=A i (0P J - (0 + ^(0*. 
and use Lemma 15.51 when we apply Pj(^) to the result to deduce 



In particular, it follows that 
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Notice that the assumption (|3.28|) and its analogoue, P/o = 0, both hold when 
we take the Fourier transform in x and apply the Littlewood-Paley projection A k - 
Moreover, we use (|5.11[) from Proposition l5.3l to deduce that for |£| sufhciently small 

P^)K^f{U,v) = \Z\e-^pf\0%J (Z,v). 

We note that, in this way, we have gained an extra factor of |£|. Consequently, 
since by Proposition 15. 31 P\ (0 i s bounded on L 2 , it follows that 

J dv IP^OaT?^^)! 2 <e- 2Rc ^(«»^| 2 | dv |a7? (^)| 2 . 
Notice that Re (Aj(£)) = Re (xji^fj . By ([5~TU|l of Proposition O the above is 
<e~^\f Jdv\^J Q (t,v)f. 

(2) 

Here, the A^ > no longer depend on £. We also used that |£| is sufficiently small. 
Then for all j = 1, . . . , n + 2 and a > 0, and for all |£| sufficiently small 

|P 3 -(0A^(f,0li; < j(l + |e| 2 t)- CT |Al/o(C)l! ; . 

We sum the above inequality in j = 1, . . . , n + 2, we note that the projection P is 
real, and we use Lemma I5T41 to deduce that, for |£| sufficiently small 

IPA^UOIl; < y(l + |e| 2 t)- a |A^/o(e^)l! ? ,. 

Consequently, by Plancherel's Theorem, it follows that for k sufficiently negative, 
i.e. for k < — M for some M > large 

(5.33) ||A fc P/(t)|| iiL ; < -i=(l + <2 2fc )- f !|A fc /o||L^. 

Now, analogously to the proof of Theorem 15.11 using the estimate (|5.30[) when 
k > —M, and I = we deduce for 1 < p < oo the following uniform in t > 
inequality 

(5.34) \\Pf(t)\\ BT : PLi < (l + tr^Wfoh^^nB-^Ll- 

This gives us the bound on the macroscopic term. 

Wc now estimate the microscopic term. Let us recall that we are working in the 
hard potential case (|1.8[) . and hence by the discussion after Equation (2.25)] 

(5.35) |{I-P}/(t,0li S <e- At |{I-P}/o(OII ; 

+ r^ e - A (*- s )i^ 2 ip/( S ,oii 2 , 

Jo 

Let us now consider the second term in the upper bound of (|5.35|) . Wc multiply this 
term by the Littlewood-Paley projection </? 2 (£) (from Section [472]) . also multiply it 
by |£| 2m , integrate over (Gl™ and then sum the P k< _ M norm for 2 < p < oo. We 
use the P k< _ u to denote the standard £ k norm, as defined in Section IT721 except 
that P k< _ M is only summed over frequencies k < —M for some large M > 1. In 
the first step of this procedure, similar to (|5.33|) . we have, for all g > 

(2 2 ("*+ 1 )*|| A fc P/( S )||| < s -i-(«+D-« ( S 2 2fc ) m+1+e (1 + S 2 2k )-°\\f \\%- e ,„ Li . 



56 



V. SOHINGER AND R. M. STRAIN 



Then similarly to (|5.8j) we have that 



(5.36) |(2< w+1 > fc ||A fc P/(*)|| 



L:L- 



^(l+sr^+^-ii/oin 



Here we use (WLOG) that s > 1. 

Now we plug the estimate (|5 .36[) into (|5 .35[) to obtain 



2«*||{I-P}A fc /(t)|U S£ ; 



<e- A '||{I~P}/o||| m , Pi2 



+ ll/o| 



dse- A(t - s) (l + s)- 1 - (m+1) ^ e 



Here we have supposed that p > 2 and we initially took the £' 



p/2 

k<-M 



norm of the 



dyadic estimates and used Minkowski's inequality. Finally, we use [29l Lemma A.l] 
to estimate the time integral and deduce that 



(5.37) 2 mfc ||{I-P}A fe /(i)!| i?L , 



<e- At ||{I-P}/o||^, PL2 



l/o 



,\l + t) 



—m—Q—2 



Collecting (j5~37| with ([534]) and (j5~30| yields Theorem EH when i = 
Lastly, when £ > 0, we recall the estimate [551 Equation (2.9)]: 



- P}/(t, £)|| a + A|u/{I - P}f(t, 



< c A iei 3 h- ff /(t,oii ? + c|{i-p}/(t,oii>( Sc) - 



This estimate will hold for any large a > 0. Here L 2 (Bc) denotes the L\ norm on 
Bp, the ball of radius C > centered at the origin. This estimate (|5.38[) is actually 
slightly stronger that what is stated in [55J Equation (2.9)], however following the 
proof of Equation (2.9)] then (|5.38[) can be directly deduced. 
From [25j Equation (2.11)] we also have 



(5.39) ^|{I-P}/(t,0li 2 +A|{I-P}/(«,0li»,.. <C x \tf\Pf(t,0\h- 



<1_ 

Taking a suitable linear combination of (|5.38j) and (|5.39[) we obtain 



±^\w'{i-p}f(t,o\h v + \{i-P}f(t,o\ 2 Ll 



+a(V{i-p}/(u)i£» +i{i-p}/(*,oii» <cici 2 i^/(t,e)i| 2 , 

for some suitably small 6 > 0, since |P/(i,£)U 2 ^ l w_<T /(*)0U?- We use the fact 
that 7 + 2s > to deduce 

(5.40) I (V{I - P}/(t, oil, + |{I - P}/(t, 

+ AfV{i-p}/>,e)i? 2 + |{i-p}/>,e)iL)<^i>- CT Mc)lL 
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Now we use the integrating factor e At . Then, as in (|5.35j) . it follows from (|5.40[) . 
when I > 0, that 

\w £ {I - P}/(U)|| ? < e- xt \w e {I P}fo(0\h + 

f dse-W-'^tflw-'fMll,, 
Jo 

which holds for any a > 0. In order to obtain the above inequality, wo also used the 
fact that 6\w e {I - P}/(t,0|| 3 + |{I - P}/(t,0li 3 ~ Ki 1 " P}/(*,0l£ 3 - From 
here we follow the argument from (|5.35[) to (|5 .37[) and the explanations below it to 
obtain Theorem 1 5 . 61 when I > 0. □ 
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